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Abstract 
This paper introduces a hybrid of min-max differential evo-
lution and genetic algorithm DEGA. A min-max DEGA was 
designed for simultaneous minimization and maximization 
of the same object function during the same optimization 
run. The method is applied for optimizing constrained func-
tions. According the results this method reaches the feasi-
ble area of constrained problems relatively fast and consis-
tently. The results are also relatively good compared to 
other methods. 
 

1 INTRODUCTION 
This work studies if the use of min-max differential evolu-
tion/genetic algorithm hybrid (DEGA) is beneficial when 
optimizing constrained object functions. We previously 
studied min-max genetic algorithm with constrained prob-
lems [1], but the method had problems to produce good 
results with some of the test problems. In this study the 
original objective was to create min-max differential evolu-
tion algorithm (DE), and test it with constrained problems. 
However, the min-max DE also had problems to produce 
good results with some of the test problems. Since the 
benchmark problems that were difficult for these two meth-
ods were not exactly same ones, we decide to generate hy-
brid of the two methods and hoped that the hybrid would 
operate well with all those benchmark problems where ei-
ther other or both of the original algorithms performed well. 

In the original form, the DEGA is used for minimizing and 
maximizing the same target function. This can be done so, 
that if the parent belongs to the top half of fitness value 
scale, it can be replaced only by child with higher fitness 
value. Similarly, if the parent belongs to the bottom half, it 
can be replaced only by child with lower fitness value. This 
way the total fitness value scale gets wider, and the mem-
bers in top and the bottom half of the population becomes 
more and more different from each other.  

This method has some similarities to co-evolutionary meth-
ods [2], but in this case we have only one species, with two 
races, and the races evolves simultaneously towards both 
“bad” and “good“ solutions for the same target problem.  

In order to have co-evolution the species should have some 
interaction. Flores and Smith [3] conclude that the presence 
of infeasible solutions speeds up the search with con-
strained problems. So, the interaction between feasible and 
infeasible solutions should be beneficial in the case of con-
strained optimization. 

1.1. GA, DE, and hybrid 

Genetic algorithms [4] are computer based optimization 
methods that uses the Darwinian evolution of nature as a 
model. The solution base of the problem is encoded as in-
dividuals that are chromosomes consisting of several genes. 
GA creates new individuals by using crossover and muta-
tion operations. Differential evolution [5] is also a popula-
tion based heuristic optimization method. In many aspects 
the DE works similarly to the real coded genetic algorithms. 
The difference is that DE uses special crossover-mutation 
operator that is based on four parents. Usually there is no 
separate mutation operator. Three parent individuals are 
used for linear combination so that the difference between 
two parents is added to the third parent.  

In the hybrid we decide to use DE type tournament selec-
tion, since it found the feasible area more consistently and 
faster than with GA-type elitist selection. The both algo-
rithms are population based and can be coded with real 
numbers, so their basic coding is similar. The hybrid is easy 
to generate by randomly selecting the crossover method, 
either GA type or DE type, with 50/50 chance. If GA type 
crossover is selected, then we randomly select two popula-
tion members as parents and do crossover and also apply 
the mutation operator to the new individual. If DE type 
crossover-mutation is selected, we randomly select four 
population members as parents, and then do the DE type 
crossover-mutation operation.  

1.2 Related work 

The min-max method is relatively simple. Bäck et al [2] 
introduces ways of enhancing the performance of evolu-
tionary algorithms, but do not represent a report of similar 
experiments as ours. This might be due that there is a very 
limited set of problems where this kind of simultaneous 
minimization and maximization of the same function is nec-
essary or profitable.  

In multi-elitist GA methods [2] elitism is applied so that in 
multi-modal problem the best individual from each peak is 
preserved to the next population. In our method we pre-
serve the highest peak and the lowest valley.  The other 
multi-objective optimization methods [2] can be seen as 
related work to this one, since we also have two objectives. 

The set of constrained functions used in this paper have 
earlier been used by many researchers, we compare our 
results with the three papers [7], [8], [9], [10] that repre-
sented the best results with evolutionary algorithms for 
these benchmark problems of those we have found. 



2 THE PROPOSED METHOD 
The constrained optimization problem can be express as 
follows: 
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and with the inequality coefficients: 

  },...,1{,0)( mjxg j =≤         (3)   

and the equality constrains: 
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that can be transformed into an inequality constrains by 
defining: 

  0)()( ≤−= δxhxg kj
   (5) 

where the inaccuracy constant δ=0.0001. 

All the constraint violations are positive; therefore we are 
minimizing the constraints violations and maximizing the 
function value. We decided to use target function that re-
turns three values: 
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In a constrained optimization, heuristic method such as a 
GA or DE is likely to generate a lot of infeasible solutions 
that violates the constraints [10]. The usual way to handle 
constraints is to add penalty term to the fitness function, so 
that it penalizes the constraint violations. In this paper we 
are not using penalty function, instead we are using double 
sorting for sorting the population fitness order, and the set 
of rules (7) that defines when the new trial replaces one of 
its parent in the population. 

Usually DE does not necessarily need to know the fitness 
order of the population. In this study we need to know the 
order, because we will compare the child and the parent 
differently according where in the fitness order those par-
ents locates. 

We use double sorting; first we sort the feasible solutions to 
the top end of fitness scale, according to their fitness value. 
After that, the infeasible solutions are sorted to the bottom 
end according to the amount of their constraints violations. 
So, after the double sorting the other end of population is 
occupied with the feasible solutions (race1), and another 
end with the unfeasible solutions (race 2). Naturally before 
the algorithm reaches the feasible area, both ends are occu-
pied with unfeasible solutions.  

The normal DE uses tournament selection, where the child 
competes against one its parents. In DEGA we used these 
rules when the child replaces the parents: 

1. If the parent belongs to the group of ½ of the best 
population individuals and f(x)child � f(x)parent and 
Σg(x)child � Σg(x)parent and max{g(x)}child � 
max{g(x)}parent 

2. Else, if the parent belongs to the group of ¾ of the 
worst population individuals, then in every generation 
randomly select and apply one of the following rules 

a. Σg(x)child � Σg(x)parent  

b. max{g(x)}child � max{g(x)}parent  

c. f(x)child - Σg(x)child > f(x)parent - Σg(x)parent  

d. f(x)child - max{g(x)}child > f(x)parent - max{g(x)}parent  

Figure 1. The plot of the search space and best found 
 solutions (*) with the problem g11. 

 

Two of the functions use only coefficient violations for 
search bias, and the other two uses combination of function 
value and coefficient violations. 

The idea behind these tournament selection rules are, that 
the top half the population would evolve towards as good 
feasible solutions as possible according the rule 1). The 
bottom half of the population will be occupied by infeasible 
solutions, but the possibility of child replacing a parent al-
ternates according the rules 2a-2d. 

This alternation means that different infeasible solution 
becomes more fit with different rules and it also redirect the 
search, meaning that the feasible area is approached from 
different directions. The previous studies [10] with con-
strained problems have suggested that it is beneficial to try 
to enter feasible area from different directions and points of 
the search space. The alternation also makes it less likely 
that the optimization would get stuck to the local optima.  

One example of test problems (g11) is shown in fig. 1. The 
search space has a wide space of infeasible solutions. Only 
the area differ from zero-plane is feasible, and the two op-
timums locates in the two valleys of the feasible area. 

Optimal solution and DEGA solutions 



 
Figure 2. The flow chart of the proposed DEGA method. 

3 EXPERIMENTAL RESULTS 
First, we run some preliminary tests in order to find a set of 
good DE and parameters for these problems. The size of the 
real-coded DEGA chromosome depends on target function, 
i.e. how many parameters it has. We did not found any uni-
versal parameter set that worked well with all benchmark 
problems. So, as a compromise we select the following pa-
rameters: Population size NP=100 and DE/GA reproduc-
tion operator ratio as 0.7/0.3. The weighting factor F in DE 
was defined to be random value between [0.1, 0.7], and the 
crossover constant CR as random value between [0.0, 0.9]. 
We use random values for F and CR because our prelimi-
nary tests showed that with the different test problems the 
different constant values were best.  

With GA operation, uniform crossover and Gaussian muta-
tion to the new trial. The Gaussian mutation size was de-
fined as xi+=(Ximax-Ximin)*nextgaussian()/random[5.0, 
100.0]. The mutation probability was set to change: if best 
result the same as in the previous generation mut%+=0.02, 
else mut%-=0.01, if mut%>1.0 mut%=0.0, if mut%<0.0, 
mut%=0.0. These rules were defined in order get the algo-
rithm itself to find proper mutation probability for each 
benchmark problem. The mutation probability is set to 0.2 
in the beginning of the optimization run. The finding of 
good GA and DE parameters and their ratio was very diffi-
cult, and even the final compromise do not work with all 
test problems. 

We decide to use selection that favor the individuals lo-
cated to the both ends of the fitness order. The preliminary 
tests indicate that this favoring is speeds the optimization. 

The crossover between good feasible solutions and slightly 
unfeasible solutions seem to be beneficial because the op-
tima are often located in the border of the feasible area. 

The rule for favoring the fitness order ends in parent selec-
tion were do{parenti=random[1, POPsize]} 
while(parenti>min(i, POPsize-i) and par-
enti<max(i, POPsize-i)); where index i goes 
through the fitness order from best to worst. So, when try-
ing to generate new individuals only index i amount of 
individuals from both ends are eligible for parents. 

Our test function set in these experiments was taken from 
study of Runarsson and Yao [7]. The limits of optimization 
space (box coefficients for Xi) were also adopted from 
them, as well as the degree of violation δ=0.0001 for the 
equality constraints |h(x)|- �δ<=0. They report that they used 
200*1750 (=350 000) function evaluations, and they used 
30 test runs with each problem, and we selected the same 
numbers for our experiments.  

Our DEGA method reached the feasible area with each 
problem and with most of the problems it founds feasible 
area very fast, but with g05 and g13 it takes longer. How-
ever, since optimization runs are 3500 generations long, the 
feasible area is always reached in the first 10% of the opti-
mization run with all the problems.  Our method reached 
the optimal solution every time with the problems g01, g03, 
g04, g06, g08, g09, g11, and g12. With problems g05, g09 
and g10 we also find the optimum with some of the test 
runs, but not every time. With the problem g02 the best run 
was also as good as optimum with four most meaningful 
digits. The problem g13 was the most difficult for our 
method, and also the only problem where our method did 
not reach satisfactory results. The best run was not very far 
from the optimum, but the variation of our result was unac-
ceptable large. 

 

Table 1. The Comparison of Best Results. Our method 
(DEGA), (RY1) [7], (RY2) [10], Li et al. (LJW) [8], and (MC) 

[9] with test functions g. The best result in bold. 

g DEGA RY1 MC LJW RY2 

01 -15.000 -15.000 -15.000 -15.000 -15.000 

02 0.80357 0.80352 0.80360 0.80360 -0.80362 

03 1.000 1.000 1.000 1.000 1.001 

04 -
30665.539 

-
30665.539 

-
30665.539 

-
30665.539 

-
30665.539 

05 5126.497 5126.497 5126.599 5126.498 5126.497 

06 -6961.814 -6961.814 -6961.814 -6961.814 -6961.814 

07 24.306 24.307 24.327 24.312 24.306 

08 -0.0958 -0.0958 -0.0958 -0.0958 -0.0958 

09 680.630 680.630 680.632 680.630 680.630 

10 7049.327 7054.316 7051.903 7049.499 7049.248 

11 0.750 0.750 0.750 0.750 0.750 

12 -1.000 -1.000 -1.000 -1.000 -1.000 

13 0.055845 0.053957 0.053986 0.053986 0.053942 

 

Start and generate the 
initial population ran-

domly 

Evaluate the population 

Print the ”best” solu-
tion and stop 

Select the crossover 
method randomly 

Sort the population, first 
the feasible solutions 
according to the fitness 
value f(x), then the infea-
sible solutions according 
the amount of constrain 
violations Σg(x) 

Stop condition reached? 

Yes 

No 

GA 
DE 

Select ran-
domly four 
parents and 
do DE type 
crossover-
mutation 
operation 

Select ran-
domly two 
parents and 
do GA type 
crossover and 
mutation 

Evaluate the new 
individuals, if the 
child fulfills one of 
conditions (7) it will 
replace the parent it is 
compared with. 

Loop: do as many as the 
population size-elitism 



Table 2. The comparison of worst results 

g DEGA RY1 MC LJW RY2 

01 -15.000 -15.000 -15.000 -15.000 -15.000 

02 -0.78984 0.72629 0.751322 0.74448 -0.72359 

03 1.000 1.000 1.000 1.000 1.001 

04 -
30665.539 

-
30665.539 

-
30665.539 

-
30665.539 

-
30665.539 

05 5166.541 5142.472 5304.168 5165.659 5126.497 

06 -6961.814 -6350.262 -6952.482 -6961.780 -6961.814 

07 24.308 24.642 24.843 24.825 24.306 

08 -0.0958 -0.0958 -0.0958 -0.0958 -0.0958 

09 680.630 680.763 680.719 680.696 680.630 

10 7052.094 8835.655 7638.366 7474.948 7049.270 

11 0.750 0.750 0.750 0.750 0.750 

12 -1.000 -1.000 -1.000 -1.000 -1.000 

13 0.887441 0.21692 0.468294 0.06171 0.438803 

 

Table 1 and shows the comparison of our results: best and 
worst values to the results represented by Runarsson and 
Yao (RY1) with their evolutionary strategy with stochastic 
ranking [7] and the improved stochastic ranking method 
(RY2) [10], and Li et al. (LJW) with GA hybrid with inter-
polation [8], and Mezura-Montes and Coello (MC) with 
multimembered evolution strategy [9].  

The comparison of the best results in table 1 shows that 
most of these methods reach the optimum with the best run. 
With g02 DEGA and RY1 slightly miss the optimum, with 
g06 MC misses optimum slightly, with g07 and g10 RY1, 
MC and LWJ misses optimums, and with g13 RY2 is the 
only method that reaches the optimum. 

The comparison of the worst results in table 2 shows that 
our method works best with the problem g02. With the 
problems g05 and g08 it is the equal best with RY2, and 
with problems g07 and g10 it is second best next to RY2. 
With other problems it works as well as the others except 
RY2. With the problem g13 our methods is worst. However 
g13 is the most difficult for all these methods and only LWJ 
reaches even near the optimum with the worst result. 

4 CONCLUSIONS AND FUTURE 
In this paper we studied if DEGA (min-max differential 
evolution/genetic algorithm hybrid) is worth of considering 
in special problems, where we need to find both the func-
tion minima and maxima. The results showed  

As a summary we can conclude that our method seems to 
perform well with constrained problems, compared to re-
sults represented by others. It also reaches the feasible re-
gion relatively fast and consistently. Omit g13 and it is 
clearly the second best next to RY2 [10]. It also performs 
better than RY2 in average and worst results, and nearly or 
as well with the other problems. With g13 our method 

clearly performs badly. So, obviously the proposed methods 
still needs some improving. 

The conditional parent replacement rule used prevented the 
stuck into local optima and it also variate the search, so 
feasible area is approached from the different directions. 

The first future study is to completely unwrap and analyze 
the problem g13 and understand why our method does not 
work with that problem. When we understand the problem-
atic properties of that problem, we can improve the method 
accordingly. That would be clearly beneficial, since the 
same benchmark problem was also the most difficult for all 
the other methods we compared our results with. 
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