On relations between certain exponential
sums and multiple Kloosterman sums
and some applications to coding theory
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Abstract. In this paper we consider some relations between multiple Klooster-
man sums and certain exponential sums with monomial and binomial arguments,

and some applications of these relations to coding theory.

1. Introduction

Let F' = [F, denote the finite field with ¢ elements and ¥ = F ;= be an extension of
degree m > 1 of F'. In this paper we consider relations between certain exponential

sums

and (multiple) Kloosterman sums

K, (a) = Z ep(z1 4+ am +axyt . xt),

T1,..., Ly E€F*

where eg (resp. ep) is the canonical additive character of E (resp. F), f(X) €
E[X], a € F, ged(q,deg f(X)) = 1, and some applications of these relations to
coding theory.

More precisely, we shall construct a class of binary irreducible cyclic codes and

two classes of binary cyclic codes (by means of certain well known irreducible cyclic
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codes), and estimate the weights of the words of these codes by using the Weil and
the Deligne bounds, obtained by Weil in [12] and by Deligne in [1]:

[S(F)] < (deg f(X) = 1)g"™/?, (1)
[Kom(a)] < (m+1)g™. (2)

It turns out e.g. that the weight distribution of the binary cyclic code constructed
by means of two simplex codes of different length is closely related to the values of

a multiple Kloosterman sum over a field of characteristic 2.

2. On relations between certain exponential

sums and multiple Kloosterman sums

We assume that F', E, er, eg and K,,() are fixed as in the introduction. We
also denote the canonical additive character of E (resp. F) simply by e if this does
not cause any confusions.

Let Trg/r and Ng,p denote the trace and norm mappings, respectively, from E
to F.

Let K be any finite field. We denote the multiplicative character group of K by K
and the identity element of that group by xq. If ¥ is an additive character of K and
X € K , we denote the Gauss sum over K associated to these characters by G (, 9).
If e is the canonical additive character of K, we denote Gx(x) = Gk(x,€e). By
notation e (a € K) we mean the character defined by e*(z) = e(az) for all x € K.

We do not define x(0), and consequently Gauss sums are calculated over K*.

Let ¢ be a non-trivial additive character of K. The orthogonality relations of
characters, see [4, p. 195], imply

V) = ey L G UE) Ve e K (21)
xeK

We shall also need the following two results:

Theorem 2.1. Let d | |K| — 1, and let H denote the subgroup of order d of K.
Then

Y wla) =) Gx.¥)x(a) (=) Glx.¥)x(a))

rzeK* xeH xeH



for all a € K*.
Proof. See [4, p. 217].

Lemma. Let v be a primitive element of K, a € K and d | |K| — 1. Then

[K|-1_
d
Z e(az?) =d Z e(ay™) =d Z e(x).
TEK™ i=0 rea<yi>

Proof. Obvious.

Let d | g— 1 and H (resp. H') be the subgroup of order d of F (resp. E) The
surjectivity of Ng,p implies H' = {x o Ng/r | x € H}.

Denote N = Ng/p. By Theorem 2.1 and the Davenport-Hasse theorem [4, p.
197-199], we now have

Y emlaz?) =) Ge(xoN)x(N(a)) = (=1)""" Y Gr(X)"x(N(a)). (2:2)

zebE* xeH xeH

Assume now that d = ¢ — 1 and consequently H = F. Let Tl1yeeey Ty € F*
and denote b = N(a). It follows from (2.1) that

er(bar . ayl ) = —— 3 GrX() - X(@m1)x(b).

By multiplying both sides of the preceding equation by ep(x1 + -+ x,,,—1) and by

summing we obtain

1
Z ep(x1 4 Famo+bryt. o xt ) = 1 ZGF(Y)mx(b).

$1,~~~,$m—1€F* XGF
Thus we have proved

Theorem 2.2.

> e(ax’™ ) = (-1)""(q—1)Kpn_1(N(a)) VacE"
rEE*

The surjectivity of N,the Weil bound and the Deligne bound, now imply



Corollary 2.3.

m 2 —1
| Ko (a)] < min{g ™3 — qu (m+1)¢"?}  VaeF*

This result is, of course, valid for any non-trivial additive character v of F' and

also for sums

Z ’gb(ala:l+~--+amxm_1+b:c1_1...a:,;ll_1), YVa;,be F*.

Mordell [10] proved that | K, (a)| < ¢™*T1/2 when g is prime. Thus our estimate

generalizes and slightly improves this bound.

Corollary 2.4. Let a € E* andd | q— 1. Then

|37 )| < min{(d— 1™ + 1m(vi — 1/va)g™?}.

reR*

Proof. Let « be a primitive element of E. Denote T =< ~v?"! > and t = (¢ — 1) /d.

We now have a partition < v¢ >= Uf;é v#T. By the Lemma and Theorem 2.2, we

have
t—1 t—1 )
Z e(az?) = dz Z e(ax) = (—1)m_1dzKm—l(NE/F<a7d2)>'
zEE* i=0 geydiT 1=0

The claim follows now from the Deligne bound and the Weil bound. [

Next we shall consider certain exponential sums with binomial arguments. We
need the following result which is a generalization of a result of C.J. Moreno and
O. Moreno [11, Theorem 9.

We remark that the result can also be proved by using the results of R.J.McEliece
in [8], where he used Gauss sums to determine the weight distributions of certain
irreducible cyclic codes. We give, howewer, a direct proof for its simplicity and
shortness. The proof rely on the 19th century theorem of Stickelberger, considering

the values of certain Gauss sums [4, p. 202-203].
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Assume 2 | m. Then there exists an intermediate field M of E over F' satisfying

[M : F] = 2.

Theorem 2.5. Let a € E* and assume that m is even. If d | ¢+ 1, then

Z e(azx?) =

= (—1)™2=Yd - 1)¢™?  ifinda =k (d),

(—1)m/2gm/2 ifinda # k (d),

where k = 0 if

(1)2]q;or2tgand m=0 (4);or21q,m=2 (4) and 2 | (¢+1)/d,
and k = d/2 if

(2)2+q, m=2 (4) and 21 (¢ + 1)/d.

Proof. Let H be the subgroup of order d of M. By (2.2) we have
Y elax®) = (=)™ Y Gu(0)™*x(N(a)),
z€E XEH*
where H* := H \ {xo} and N := Ng /.
Let x € H*. Since ord(x) | ¢ + 1, we observe that Stickelbergers theorem is
applicable.
Now, if 2 | ¢ or 2 | m/2, then Gy (X)™/? = ¢™/2. To consider the remaining
cases, we fix a generator of M, say A, and denote ¢ = (¢> —1)/d.
Now x = A% for some j € {1,...,d — 1}. Since ord(x) = d/gcd(d, j), we see
that (¢ + 1)/ ord(x) is even, if (¢4 1)/d is even. Consequently, G (X)™/? = ¢™/2,
if (¢+1)/d is even.

Thus in the case (1) we have

Ze< ):( m/2 1 m/QZAtj

reFE

In the case (2) (¢ + 1)/ ord(x) is even if and only if j is even. Thus

Ze( 4y = (—1)m/2-1 m/2z 1)7A% (N(a)).

zeEE
By observing that, if v is a primitive element of E then N(v) is a primitive

element of M, we easily obtain the result. [



Proposition 2.6. Assume that m is even. Then
. qg" —1 if Trg/p(a) = 0,

2 cler T = L Ny (Teppe(@)) i Traag(a) £0.

zEE* q+ 1

Proof. Denote Tr = Tr/p, N = Ng/p and d = (¢™ — 1)/(g + 1). As eg(az?) =
enr(Tr(a) N(z)?71), we see that

d qm -1 q—1
Z eg(az®) = poa—) Z er (Tr(a)x?™).
LASY D q xeM*

The claim follows now from Theorem 2.2. O

Theorem 2.7. Let a,b € E, b# 0 and assume that m is even. Then

—1 if Trg/ar(a) = 0,
(D% g% +1
qg+1

m

Z e(amqq—{ll +bx) =

rzeR*

(=1)2 “te(e)g? + Ki(h), if Trg/p(a) # 0,

where ¢ = ab(@"~D/(at1) p — Nur/r(Trg/a(c)) and the ” — 7 sign holds if and
only if2tq and m =2 (4).

Proof. Denote t = (¢™ —1)/(¢+ 1) and Tr = Trgps. If Tr(a) = 0, then e(az’) =
err(Tr(a)x?) = 1 for all z € E, and the claim follows. Assume that Tr(a) # 0.

Since the mapping x — bx is a permutation of E*, it is enough to consider sums
S = Z e(cx’ + ).
reE*
Let us fix a primitive element of F, say 7. Denote T' =< ~9t! > Now we have
a partition E* = |J;c;7/T, where J := {0,...,q}. Denote J* = J\ {k}, where
k=(q+1)/2if2{q and m =2 (4), and otherwise k = 0. Now
S=) eler?) Y elw)=e(xc) Y el@)+ Y eler?) Y ela),
JEJ xeyIT zeNRT JEJ* z€NIT

where the ” —” sign holds if and only if 21 ¢ and m =2 (4). Since

3 o) = —— 3 e(aatt)

Q+ 1 zeE*



by the Lemma, it follows from Theorem 2.5 that

+ -1 m/2—1_m/2+1 -1 -1 m/2 m/2_1
g elE(CYMAT T ) (g

q+1 q+1

(D eler) — e(£e)).

JjedJ
The claim follows now easily from the Lemma and Proposition 2.6. [
Consider next the sums
m_1q

S(a,b) := Z e(awqq—l + bx) a,be E, g > 1.
zeE*

Assume b # 0. Again it is enough to consider sums S(c, 1), where ¢ = ab~(@" =1)/(a=1),
Denote Tr = Trg,p and N = Ng,p. Assume that Tr(a) # 0. Let v be a primitive
element of F, and denote T'=< v?~! > and g = N(v). Now

S(e, 1) = Z e(cg") Z e(z).
=0 zEYIT

It follows from the Lemma and Theorem 2.2 that

Y elr) = ()" Kpoa(g):

S(e,1) = (=)™ I er(Tr()g") Km-1(g")

= (=)™ Y ep(m At Tt + Te(Qz 27 )

=—1+(-D"" > ep(m At tama) Y er((Tr(e) +a27 .z, )wm).
L1y, T—1 EF* Tm EF

The next two theorems follows now easily.

Theorem 2.8. Let a,b€ E, b+# 0. Then

Z e(ax?™™ + bx) =

{—1 ifa+4a?=0,
reE*

—qep(—b"a+a?)"H) -1 ifa+a? # 0.



Theorem 2.9. Let a,b € E, b# 0. Assume that m > 2. Then

1 —1 1fTrE/F(a):0,
Z e(ax T +bx) = { . ) .

z€E*
The discussion concerning sums S(a, b) is completed by a (trivial)
Proposition 2.10. If ¢ > 2 then
_ qg" —1 if Trp,p(a) =0,

e(ax a1 ) = qgm —1 _
xé* = if Trg,p(a) # 0.

Remark. From the result of Theorem 2.8 it is easy to determine the distribution
of the even correlations of a set of PN-sequences, so called small Kasami set, both

in binary and non-binary cases. (c.f. [2], [6]).

3. Three examples

Let us first consider some basic facts about the trace codes. For a more complete
description see [2].

We restrict our considerations to the binary trace codes. Let K be the finite
field with 2% elements and fix a primitive element of K, say +. Let Tr denote the
trace mapping from K to the prime field Fy. Let P be an additive subgroup of
K[X] and n € Z,. Define a trace code C(P) := {c(f) | f € P}, where ¢(f) =
(Tr(f(1)), Te(f (7)), ..., Tr(f(y"1))) and n € Z. Tt is easy to see that wt(c), the
(Hamming) weight of a codeword ¢ € C(P), is equal to & (n — Y"1 ex (f(7%))) [2].

The next theorem is also from [2].

Theorem 3.1. Set 2¥ —1 = nN. The dual of the binary cyclic code B of length n
with zeros Vo1, ... 4N« js the code C(P), where P = {} " | a;z™* | a; € K}.

Let ¢ = 2". Choose K = Fym and P = {az?"! | a € K}. It follows from Theorem
3.1 that the dual of the binary cyclic code of length n = (¢™ —1)/(q—1) with zeroes
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~@=D2 =12 ... is the code C(P). It is easy to see that ord, (2) = rm. Thus

C(P) is an irreducible cyclic code of dimension rm [5, p. 77-78]. Since

|
_

n

, 1
e(ay V) = — e(az?™1)

q—1 .

@
I
=

by the Lemma, it follows from Theorem 2.2 and Corollary 2.4, that

m _ 1 m/2 _ 1
qq — | < min{mgq™ V"2, /gq D/ — %
for all c € C(P)\ {(0,...,0)}.

In the case m = 2, C(P) is the dual of the Zetterberg code [7, p. 206]. This dual

|2wt(c) —

}

has been studied at least in [9] and [3].

Let us assume that m is even. Denote d = (¢"* —1)/(¢+1), and choose K = F;m
and P = {ax?+bx | a,b € K}. The dual of the binary cyclic code of length ¢™ — 1
with zeroes v92', 42", i =1,2,... is the code C(P).

Denote P, = {bx | b € K} and P, = {az? | a € K}. The weight of any non-
zero codeword of the code C(P;) is equal to ¢™~!. By Proposition 2.6 and the
Deligne bound there is no codeword of that weight in the code C(P;). Since C(P;)
and C(P,) are subgroups of C(P) we have C(P) = C(P;) ® C(P,). Obviously
|C(Py)| = ¢™, and by Proposition 2.6 |C(P)| = ¢*>. Thus |C(P)| = ¢™*2. By

Proposition 2.6, Theorem 2.7 and the Deligne bound, we know now that there are

(1) ¢"™ — 1 codewords of weight ¢""/2 in the code C(P),
(2) ¢* — 1 codewords ¢ whose weights satisfy

qm_1<mt() m+u<2¢”m_1
wtic) —
g+1 = 1 =V

Y

(3) (¢ — 1)g™ — ¢®> + 1 codewords ¢ whose weights satisfy
2wt(c) — q¢™ + 1| < ¢™/? + 2 /g——.
2wi(c) —q |<q Vi
We remark that C(P;) is the simplex code of length ¢ — 1, and C(P,) is the
code constructed by pasting together d copies of each codewords of the dual of the

Zetterberg code of length ¢ + 1.
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Let us assume that ¢ > 2 and m > 2. Denote d = (¢ — 1)/(¢ — 1), and choose
K =Fym and P = {az?+bx | a,b € K}. Now C(P) is the dual of the binary cyclic
code of length ¢™ — 1 with zeroes 792" 42", i = 1,2, . ...

Denote P, = {bz | b € K} and P, = {az? | a,b € K}. Again C(P) = C(P,) ®
C(P), and |C(P;)| = ¢™. By Proposition 2.10 |C(P,)| = q. Thus |C(P)| = ¢™.
By Theorem 2.9, Proposition 2.10 and Corollary 2.3, we now know that there are

(1) ¢"™ — 1 codewords of weight ¢ /2,
(2) ¢ — 1 codewords of weight (¢" — 14 (¢"* —1)/(¢—1))/2.
in the code C(P).
For the remaining (¢ — 1)¢" — ¢ + 1 non-zero codewords ¢ € C(P) it holds that

m—+41

. m+1 —2
(3) ¢ —1 < [2wt(c) — g™ + 1] < min{g™s — L9 +1, (m + 1)g"/?}.

We remark that C'(P;) is again the binary simplex code of length ¢ — 1, and

C(P,) is the code constructed by pasting together d copies of each codewords of the
binary simplex code of length ¢ — 1.
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