Algebra IT (2008)

Exercise 6/week 47

6.

. Show that g(z) := x°+x?+1 is irreducible over Fy. Is it primitive? Let Fzp = Fy(a)
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where o® = o? + 1. Find the minimal polynomial of a? over Fy.

Prove: if p is a prime and n a positive integer, then n divides ¢(p™ — 1) where ¢ is
the Euler function.

Let F, be a finite field and assume that HU{0} is a subfield of F, for every subgroup
H of Fj. Show that either ¢ = 2 or ¢ = 2" for some prime r for which 2" — 1 is a
prime as well.

Let ¢ be a prime power and let n be a positive integer with ged(n,q) = 1. Let m
be the least positive integer such that ¢™ =1 (n). Show that F,» is the splitting
field of 2™ — 1 over Fy.

Let ¢, be an element of order n in the splitting field of 2™ — 1 over F,. Then, the

polynomial

Qu(e)= J] @-¢)
gcd(§1)=1

is called the nth cyclotomic polynomial over IF,. Prove:

(a) @ = 1= ]Iy, Qa(w).

(b) Qn(x) factors into ¢(n)/m distinct monic irreducible polynomials in F,[z] of
the same degree m, where m is the least positive integer such that ¢™ =1 (n).

(a) Let r be a prime and k a positive integer. Show that

T'k_l

Q,x (ac) =1+ J;Tk_l + J;QTk_l 4+ 2(r=1)

(b) Show that 1+ z + 22 + - - - + z'% is irreducible over F.



