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recently proposed a s)ightly modified biiinear model which provides a far
richer specirum of optimal maintenance policies than the earlier linear
mcdels in [6] and [2].

AT1 the models above consider only the gradual deterioration of the machine,
and the possibility of machine failure is not taken into account. Kamien
and Schwartz [3] consider the failure part of the problem by taking the
probability of machine failure as the state variabie and by maximizing the
nresent vialue of the expected returns from the machine. However, the model
of Xamien and Schwartz does not take into account the possibility of de-
creasing the degradation of the machine by preventive maintenance. Als0
the rate of revenue of the machine is assumed to be independent of its age.

While Thompson, Arora and tLele, and Scott and Jefferson consider the grad-
val deterioration of the machine with time only, and Kamien and Schwartz
the failure part only, Alam and Sarma [11 have tried to incorporate both
features in a single model. They use the model of Arora and Lele and in-
corporate the machine failure probability into the performance index by
taking the 1ife time of the machine as a random variable. The most seri-
qus unsatisfactory aspect in this model is the fact that the sale date of
the machine is not as an object of optimization: the machine is kept in
use as long as it is operable, even though its use would not be profit-

abla any more.

In the present paper we provide our own model, which extends and unifies
the earlier results for the problem and represents a more realistic situ-
atian in practice. In section 2 we vriefly review the earltier medels 61,
[2] and {1]. In section 3 we incorporate the concept of planned sale date
and its optimization into the model and thus remove the possibility of un-
profitable use of the machina which is jncluded in the medel [G]. In sec-
tion 4 we derive the necessary conditions for the optimal maintenance pol-
jcy and planned sale date. We also show that these conditions have inter-
asting economic interpretations in terms of marginal costs and revenyes.

In section 5 we derive & detailed analytic solution For the problem in the
special case, when the 1ife time of the machine is exponentially distrib-
uted and independent of the maintenance. We also obtain that the soiution
of this stochastic model can be written in the same form as the solution of
the corresponding deterministic model if we instead of the original dis-
count rate use 2 tpisk-adiusted” discount rate and instead of the real
production rate use & wpisk-adjusted” prodgucticn rate. In section & we
work out numerical examples to illustrate the results and to compare the
different models. Finally, we summarize and comment on the results obtained.

2 Review of related models

Thompson considers the following problem: find the optimal maintenance pal-
icy u{t) and the optimal sale date T for a machine to maximize the present

value Y(T} of the machine given by
et T
) ury = s Jagne e,
g

where the salvage vaiue S(t} and the net income function Q(t} satisfy the
relationships

(2 Q%Q - —d{t) + f(thulty, S(0) =5,



and
(3) Qlt) = pS{t) - u(t).

In {1) to {3} r is the rate of interest ( i i
In ( 0 r or discount rate}, d(t) is the de-~
Eﬁr1orat1on rate, f(t)_75 the maintenance effectiveness functgo% and p is

e (;onstant) production rate. The maintenance function u{t} (mainten-
ance here means money spent over and above the minimum spent on necessary

repairs) is the control variable satisfyi
quirement tisfying for all £, 0 <t <7, the re-

(4) 0 <u(t) < U,

and V{t) and S({t i3 : : . .
tions((%) and (t} are the state variables satisfying the differential equa-

(5) dv{t)
dat

= f=d{t) + [F(t) - 1Ju(t) + {p - r)5{t)le "L,

A straightforward application of the maxi inci i
L f UM pr T i
optimal maintenance policy u™(t) principie gives the ToTlowing

s
Uy i f(t} > g(T-t)

*
{6) u (t) ={arbitrary € [0, Ul, if F(t) = g(T-t)
0, if £(t) < g(T-1),
where
(7 glt) = —— T
p - (perie "t

g;ggelg?ﬁgsogéz is?gmﬁgz??i: d, ¥ and u are piecewise continucus, d 15 non-
gecrea the,f0110wing non-1 i;;:ﬁjng, we get an optimal maintenance policy of
(1) u{t) =t forall tein, T]
(11} u'(t) =0 for all t € [0, T]
U for t € [0, T')
(111) u'(t) ={arbitrary for t = '
19 for t € (T', Ti
where T' satisfies the equation f(T') = g(T—T’).
The optimal sale date 7 is obtained as the solution of the equation

(o) - teimy - 1y
D -r

in the case (i)

Tt in the cases (i7) and (#1i).
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We can generalize (as it is donme by Arora and Lele) the model slightly by
changing {2} to

9) 8 - () - 0s(t) + F(Bu(E), S(0) = S,

{.e. by considering the deterioration rate d{t) as made up of two components:
{10) d{t) = a{t) + bS(t},

where a{t}) is the obsolescence rate which is due to technological process,
and bS({t) is the depreciation rate which is due to change in physical char-

acteristics and the performance of the machine. By an exponential trans-
form (see Alam and Sarma [1]), equation {9) can be changed to

(11 = —ay{t} + frltiult),

where S1(t) = S(t)Pbt, a{t) = a{t)ebt and fq(t} = f(t)ebt.

The performance index (1) can now be written in the form
- T - -
(12) ¥(T) = Sy(The (r+b)T é{p51(t)e {reb} T reye™ gt

The optimal control problem remains essentially the same, instead of the
original functions we only use the transformed "l1-indexed" functicns and in-
stead of the original discount rate r we use the effective discount rats

r+b in connection with the transformed salvage valug S,{t). However, there
exists a qualitative difference between the solutions of the twe models.
This is due to the change in the nature of the maintenance sffectiveness
function. Whereas f{t) is normally a nonincreasing function of t, fy{t}

can assume any arbitrary nature. The nature of the optimal maintenance pol-
icy remains bang-bang, but we may also obtain more than one switching point
where the level of maintenance changes {ses Arora and tele [2]). The op-
timal maintemance policy can be derived from equations (6) and (7), if we

in (7} instead of r use the effective discount rate r+b {cf. Alam and Sarma,
eq. (7}). The optimzl sale date T {5 ohtaired as the solution eof the equa-
tion (cf. sguation (8)):

*

_a(m) - B0 - Tu (1)

{13} S{T) = FTF b .

In the model suggested by Alam and Sarma the variable T appearing in the
performance index {12} is considered as a random variable, as the stochastic
Tife time of the machine. This randomness is due to the chance of the ma-
chine failing. Thus the sale date of the machine is nct considered or
optimized. the machine is used until it fails and must be junked.

let ppl{tiu{t),0zT=<t), Pritiu{t),0sr<t} and Op{tsu{t), 0Tt} =1
PT(t;ulT), 0<t<t) denote the density Function, the cumulative distribution
function and thé compiementary distribution {or reliability) function, res-
pectively, of the random variable T. Further, tet pr{t;u) and QT(t;u) com-
pactly represent the preceding quantities. The prob?em in the modei [17 is
to find the optimal maintenance policy u*(t) which maximizes the expectation
of the present value given by
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08) BV} = Topltues, (re” (MBI
0

t
+ é[PS?(s)e_(r+b)s - u(s}e S 1ds}dt

subject to (4) and {11),

After some simplification, (14) can be written in
the form

(15} E{V(T}} = Z{[DQT(t;u) + DT(t;U)]S1(t)e_(r+b)t

- Op(tsuyutie ™ tyge.

Explicit solutions for the problem are obtained in the case where pyltsu)
and, hence, QT(t;u) are independent of u (see [1], op. 173-174).

3 Modal for the optimal mainterance policy and plannaed sale date
of a machine subject to failure

The model of Alam and Sarma, which takes into account the probability of ma-
chine failure, does not, on the other hand, consider the possibility of
selling the machine in such a case when it is sti11 operable (i.e. not fail-
ed) but its use is highly unprofitable. In order to remove this unsatisfac-
tory aspect from the model we introduce the concept of planned sale date,
Thus, we seek a planned sale date T, and & maintenance policy u(t), 0 <t

< T, for the machine until it fails and is Junked or is sold, whichever
comes first. These are chosen to maximize the expected present value of

the machine, the expectation being taken with respect to the randem 1ife
time of the machine.

The state equation considered is again

te) E§é%ﬁl = map(t) + fi{tju(t), o < uit) s U,

where the quantities have the same meaning as in the previous models. Let
T denote the planned sale date of the machine, i.e. T is the time at which
the machine will be sold provided it is still working. Let = denote the
life time of the machine, © is now a nonnegative random variable., If ¢
gets a value less than T, the machine is Junked at the time of its failure.
We assume, that the junk value of the machine at time t is equal to its
salvage value S{t). The present value of the machine at a time t, when the
machine is still aperable, is (cf. equation (12)):

. t
(17) V(e) = s (e (PE é[pST(s)e"(r+b)s - ufs)e S 1es.

Let VO(T) be the present value really observed, when the planned sale date
is T.” Obviously we have

(18) VG(T) J¥T) if e e T
Vi), if 1 <T.
The performance index to be max

imized, the expected present vatua of the
machine, is now
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- ] ; T tuydt
(19} EQV,(T)) = éV(t)pT(t,u)dt + %V(T)pT( u}
- Tt tesmat + g Tvn.

0
Substituting (17} in (19) we get first .

T ~{r+bit TS, (T)e
{20) E{VO(T)} = gpt(t;u)s](t)e ' dt + Q( u)sy ’

e -(reb)s L ysye™ S 1dshdt
+ é{pr(t,u)é[psm(s)e

T - -rt
v 0 (T o (217 - e e,
T 0

g P J some -
e Vi th e e

which a t tegratio } arts e seco d t al a d aft o] S

53 cations becomes

T. )18 (t)e—(r+b)t
(21) BT = JLlp (tau) ¢ p(t3u) 15 .
-{r+b
- QT(t;u)u(t)e_rt}dt + Q. (Tsu)54(The :

. de
i 12) in the correspon
ily’ 21) is of the same form as { e Corresnond
ﬁe Czntria?;gitﬁiemggz% gnT; with the cceff1c1enti $f=si(t)T?Es tge)model
Flad ; also see that {21) gives (18), if we se e Qith us the moes
fiegiam ind Sarma is got as a special CaSE'Of.Our mo iimize . a]sb).
ggWe date Fixed to infinity (whersas our aim 15 to op

4 Analysis of the model

i ilure probability is not a function
i i ﬁg igzuggwtggga?ieeig}icit 201utions for the pr?E}:mi;nihe
ol maintenance:1 d analysis of the model which would not ge p?is e
perfarm a deta1TEerefore, Tet p (t) and Q_(t) dencte the ensThgn e
gege:z}iggi?%ty function which don't depehd on maintenance.
n

comes

- T
T . -rt + 718 (T)e (Y.+b) .
(22) BV (T)) = é[p1(t>51(t) - Q()u(t)leT e+ 0, (D)5,

-bt
where we have denoted p&(t) =_[pQT(t) + pT(t)]e .
this optimal control probiem is

(23) H(Sy-haust) = - [py {8154 (8) -QT{t)u(t)}e'Ft +A(t)£—ai(t)4-f1(t)u(tﬂ

The Hamiltonian for

i i i ion
here the adjoint variable a(t) satisfies the differsntial equati
W

-rt
@it LML (e
(24) at 85y 1

with terminal condition

-{r+b) Ty o L T -(r+B)T
(25)  MT) = - gg; [0,(1)8;(Te 1= -0(Te
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Application of maximum principle (i.e.*minimization of H with respect tc u)
gives the optimal maintenance policy u™:

U, 1F0_(t)e” + A(E)F
(26) u¥(t) =arbitrary €f0,U], if Q_(t
0, 1% 0_(£)e™" + A(E)Fy

t) <0
JeT" e A(n)F(t) = 0
t)y =0

Equation (26) shows that the optimal maintenance policy is still bang-bang
with any finite number of switches from U to 0 and/or vice versa (as we
will later in the case of exponentially distributed life time demonstrate).
The adjoint variable A{t) in (26) is easily found from {24} and (25)

(27) M) = - QT(T)E-(r+b)T i }[PQT(t) . DT(t}]e_(r+b}tdt.
t

Next we will considar the aconomic interpretation of the formula (26} (for
similar economic evaluations of some replacement models see {7]1). For no-
tational simplificity, let us assume that there exists exactly one switch-
ing point T' {0 <« T' < T) at which the maintenance is changed from U to C.
At the moment T' we have, see eguation (26),

- I
(28) Q.(T')Ue Ty MTOF{T U = 0.
Substituting (27) in (28) and rearranging terms, (28} can be written in the
form
—pT! T “h{teT'Y} -
(@9) T = [ (e T e e

+ o (myu(r)e (T T e

+ ] a eppurr et T e e,
T 1

One the left hand side_gf,(29), U is the {last) maintenance expenditure
spent at moment T', Ue is the present value of this expenditure, and
QT(T‘) is the probability that this expenditure will be spent (the machine
is sti1l working at T'). Writing

(20) QT(T')Ue_rTI &

QT(T’)UE_FT‘ + 010 (T1-07e7"
= BTy,

we see that the lefi hand side of {29) can be interpreted as the expectation
of the present value of the maintenance expenditure spent at the planned

end of the optimal maintenance period. On the right hand side of (297, Uf(T")
is the extra impulse in the salvage value of the machine yielding by t?% .
use of the maintenance expenditure U at moment T'. Further, Uf{T')e'b -T')
is the value of this impulse still remaining at time t > T' (the depreciation
rate of the salvage value is b}, and UF(T') e D(t-T" et {5 its present
value. Using similar arguments as in deriving (30}, we deduce that the
right_hand side of {29) can be interpreted as the expected value of the
profit, which the use of the maintenance expediture U at moment T' yields

on the present salvage value (the first two terms) and on the present.value
of the future operating receipts {the third term). The conclusion reached

is thus: the planned ending peint of the maintenance period {i.e. the mo-
ment maintenance is stopped for a still operable machine) has to be chosen
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so that the expected present value of marginal maintenance outlay is equal
to its effect on the expectation of the discounted salvage value plus its
affect on the expected cumulative cash flow. Analogical interpretations
can be found if there are another number or another type of switches in the
optimal maintenance policy.

Equation (26) together with (27) gives the aptimal maintenance policy with
the plannad sale date T considerad as fixed. We §t111 nave to ghcose T 50
as to maximize E{Vq{T)}. To co this we differentiate E{Vo(T)} in (22) with
respect to T and set it equal to zero. Using similar reasoning as Thompson
(16), p. 546) we get first

dELVL(T)} . 40.4T)

(31 ———gﬁﬁ—l— = Ly (Tisy(T) - QMM e + (—g S1(T)
) T

+ () “Sgi DL ey (s, (T (PO,

which after some labour becomes

{32) §E£%$£Ell = QT(T){[pS(T) - U™+ [f(T}u*(T) - a{T) - bS8(T}]

- rs(Tyre

At the optimum we thus have
{33} [pS{TY - w™{T)} + {f(T)u*(T) - [a{T) + bS{T)11 = rS(T).

It is worth to note that the cptimal planned sale date is independent qf the
distribution of the ]ife time. Further, we can also obtain the following
econcmic interpretation for this condition of optimality: the optimal plan-
ned sale date is . reached at the moment when tne net value of marginal oper-
ating receipts (pS{T} - u®{T)} plus the net value of increase in the salvage
value {(FIL)u™(T} - [a(T} + bS{T}1} are equal to the opportunily cost of the
capital still invested at that moment (rS{T)). From (33) we can further

see that the condition for the optimal planned sale date can also be writ-
ten in form (13), i.e. in the form of the corresponding condition of the
corresponding deterministic model (where T is the actual sale date, however).

5 A particular case: expenentially distributed 1ife time

Eguations {26) with {27) and (33) give us the general procedure tc find out
the optimal solution of the problem given in sectiog 3. Me sha11 now dem-
enstrate the explicit calculation of the optimal majntenance_polwcy and
planned sale date for a particular probability density function, viz. for
the exponential case.

Let the constant failure rate of the machine be o, whereafter (for £ 2 0)

(34) p (1) = 0e™"
and
(35) 0 (1) = ™
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By substituting (34) and (35) in (27) and integrating we get for the adjoint
variable A{t) the expression

o~ (rebrolt

r+b+o) (T-t)
F+b+o

(36) (%) = - tp+ o - (p-r-bjet .

Using (36} in {26}, the following optimal maintenance policy u*(t) can be
obtained )

U, iF F(t) > g{T-t)

{(37) u*(t) = {arbitrary €i0,U], if F(t) = g(T-t)
0, if F(t} < g{T-t),

where '

38 £ = r+b+g .
(38) a{t) - —'(p o b)e-(r+b+o)t

It s worth to note that the optimal maintenance policy (37) is of the same
form as that of the corresponding deterministic model presented by Arora and
Lete {see p. 4 for comments on that optimal poiicy). The only difference
between these two optimal policies is in the expression of the function g{t}):
in our stochastic model we must instead of the effective discount rate rib
use the risk-adjusted discount rate r+b+g and instead of the real production
rate p use the risk-adjusted production rate p+o. We thus get the following
interesting economic interpretation for the failure rate parameter o: by con-
sidering o as a risk premium which must be added both toc the discount rate
and to the production rate, i.e. by substituting r by r+o and p by p+o, we
turn back to the deterministic case. Uncertainty in the Tife time of the
machire reveals as a higher discount rate and a higher producticn rate in

the model,

Next we shall consider the various fovms which the optimal policy u*(t)

may take. WWe assume, as bafore, that the maintenance effectiveness
function f{t) is a nonincreasing function of time. The nature of the func-
tion g{t) depends on the values of the parameters p, r and b. We get three
different cases depending on whether the production rate r is greater than
or equal te or less than the effective discount rate rsb.

Case I: p » r+b. MNow g{t) is a monotonically decreasing function of time.
Figure 1 shows the three quaiitatively different possibiTitiss for the
optimal policy u™(t}.

Cgse II: p = r+b. Now we have g(T-t} = 1, 0 < t < T. The optimal policy
u (t} has one of the three forms given in Fig. 1. .

Case IIl: p < rth. The function g(t) is now monotonically increasing {g(T-t)
monotonically decreasing}, otherwise it can be convex, concave or even
s-shaped. This leads to various types of optimal maintenance policies.

Some simpie ones are presented in Fig. 2. One may also obtain more than two
switching points where the level of maintenance changes.

The optimal planned sale date is obtained from (33}, where 5(t} s the soi-
upion of the state equation (16) with u(t) taken as the optimal policy
u {t}. We can also write {33) in the form
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Figure 1. Optimal maintenance policies for p>r+b,
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Figure 2. Some optimal maintenance policies for p>r+d.



347

(39)  Upra)S(TY = W™ (M) + (H{TIMT) - La(T) + BS(T)1) = (reols(T)

to get an analegous risk-adjusted i i i
t : : production rate and risk-adjusted di
rate interpretation as in connection with the optimal maintengnce po]lig?unt

6 An example

We shall now work an example that illustrate imi iti
my s both the similarit d dif-
;eregc?é bitwegnoghe mgueTsz[Ej, [2], and 1] and our model. Su;ggs:n ’
= . s = . a = = = =
Pod it ?.5e-0-02tf ) {constant), b = 0.03, ¢ = 0.04, Se = 100, U =1

Thompson's model (b = 0, o = 0}, Usin i
_ . , . ¢ equations (1) -
there exists one switching point from U = 1 to 0 a£ %' (

maintenance policy. The i i b
painten havep Y optimal sale date is found to be

(40} u*(t) - {?, for 0 <t < 38.6
o

8) we can show that
38.6 in the optimal
T = 50.7,

, for 38.6 < t < 50.17.

The salvage value of the machine is

(41} S(t) = (175 -2t - 75e70:02%  £op g <t <38.6
140.3 - 2t, for 38.6 < t < 50.1

i;?ﬂ:sgicﬁ?AAyli(Soiié ; 40.15 The maximum of the present value of the ma-
o= .7 so L i i
machine is ViE01) - . 40-7? the discounted profit from the use of the
The model of Arora and Lele (¢ = 0). A i iteri

A (¢ = 0). Applying the criteria of the
ﬁodel we ob;a1n_tha§ the optimal sale date is T = 5.3 and the optimgyeég?;—
Sﬁgigce p011cy is um{t) = U =1 throughout the period of operation. The
: ar pgrwod of economic operation is now, of course, dus to the positive
epreciation rate b = 0.03. The salvage value of the machine is

) -0.03t -
(a2) S{t) = 16.7s + 15060 %% 567, 0 <t < 5.3,

and especially $(5.3.) = 82.5. The maximal present value of the machine is

V{5.3} = 110.5. i 1
Si . %0.5' 0.5. The discounted profit from the use of the machine is ¥(5.3)-

The model of Alam and Sarma., The 1ife ti i i
! f ! . e time of the machine is no -
?§:t1:11¥td1str1buted {o = 0.04) random variable. The machine ig 22p§x22
9 as it is operable, the selling of an still operable machine is not con-

sidered. We i ; .
ance policy get (ses equation {13] in [11) the Tollowing optimal mainten-

{43} a¥(ty = {?, for 0 <t < 28.0

0, for t > 28.0.
The salvage value {of an operable machine} proceeds as

~0.03t -0.
(44) S(t}y = 16'7?0 03t + 1506702 667, 0 <t < 280
215e™7-70% - §6.7, t » 28.0

The expected present value of the machine, when the optimal maintenance pel-
icy (83) is followed, fs got from (15} and is F{V{T)} = 96.5. We see that
the expected profit E{V(T)} - Sg = -3.5 becomes negative, the use of the
machine is unprofitable! In the following we shall show that by taking
also the (planned) sale date as an object of optimization {the model of
section 3) the use of the machine can be made profitabie.

Tha model with random failure and simultaneous optimization of maintenance
and planned sale date. Now we consider our own model presented- in section .3
To 5. Using the criteria derived for the case of an exponential 1ife time
we obtain T = 5.3 (T is independent of the Tife time distribution and nu-~
merically the same as in the model of Arcra and Lele) and the optimal main-
tenance policy u™(t) =1, 0 st < T = 5.3. The salvage value of the machine
proceeds, provided the machine has not faited, according to {4Z). The ex-
pected present value of the machine is E{V4(T)} = 101.7, thus the expected
profit becomes E{Vg(T)} - 5, = 1.1. We see that optimization of the sale
date also in the case of a stochastically failing machine is necessary: in-
stead of the negative expected profit -3.5 (when the machine is kept as long
as it is operable; the model of Alam and Sarma) we get a positive result 1.1
{when the machine is kept only untii T = 5.3 or until it fails, whichever
comes first). However, the expected profit {= 1.1) is Tess than the profit
in the corresponding deterministic case (= 10.5) due %o the possibility of
a failure before the optimal sale date. As a conclusion, the example
clearly points cut the importance of the sale date optimization also in the
case of random Tife time of the machine.
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