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PREFACE

This is one of the papers dealing with ocur research projec
cn the effects of inflation on investment decisions. The

earlier papers of this project have dealt with the effects
of inflation on lease financing and the adequacy of depre-
ciation allowances under inflation. In this paper we ana-
lyze relationships between two commonly used profitability

indicators IRR and ROI under inflationary circumstances.

Professor Reijo Ruuhela has given helpful comments on the

manuscript, which we gratefully acknowledge.

For translation of the English manuscript we wish to thank
Miss Jaana-Marja Muurinen. We also owe our sincere thanks
to Mrs. Tarija Salo for typing the manuscript and to

Mrs. Gun-Maj Ingo for drawing the figures.,

The financial support of the foundations Suomen Liikesivis-
tysrahasto and Sd&stdpankkien Tutkimussddtid has been of
great value. We want to thank the University of Vaasa for

accepting our paper into the Acta Wasaensia -serie.

Lappeenranta and Vaasa, February 1982

Teemu Aho Ilkka Virtanen
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ABSTRACT

The paper deals with two indices commonly used for measuring
the profitability of an investment: the return on investment
(RCI) and the internal rate of return (IRR). ROI may be
considered as a simplified approximation for IRR and is com-
monly used Instead of that. There are, however, several
factors which cause differences between these two measures
of profitability:

- the time dimension of cash-flows: the IRR-method takes
the time value of money into account whereas in ROI no
discounting occurs

- the depreciation method: IRR is based on annuity depre-
ciation, in ROI the straight line depreciation is usual-
ly applied

- the service life of the investment: due to the lack of
discounting in RCI, the two indices differ the more the
longer the service life

- inflation: under infiation ROI zlso contains apparent
profitability due to nominal increase of the cash-flows.

In the paper a mathematical model is constructed for com-
paring the behaviour of ROI and IRR in the constant real
cash-flow case. In the model the difference between ROI
and IRR is expressed as a function of three parameters:
the profitability of the investment, the service life and
the rate of inflation. Both analytical and simulated nu-
merical solutions for the model are derived. On the basis
of the results a clear description of the effects of the
parameters on the relationships between ROI and IRR is ob-
tained and, thus, several conclusions and recommendations
for the usefulness of ROI can be made.

7. INTRCDUCTION

The methods of internal rate of return (IRR) and return on

investment (R0OI) are both widely used in capital budgetingj

T 1 a survey on the capital budgeting practices of Finnish

firms, Honko and Virtanen found out that 43.5 % of the
firms in the study sample employed IRR and 37.0 % ROI as
the primary methed of profitability analysis (Honko-
Virtanen 1975, 58).
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ROI, a simplified form of IRR, is commonly expressed as a
ratic between the annual return on investment (net of de-
preciation but including interest payments) and either the
initial capital expenditure or the average capital invested
in the asset. The internal rate of return, in turn, is de-
fined as that rate of discount which equates the present
value of the net cash inflows from the investment with its

initial capital expenditure.

Traditionally, these methods have been compared as profit-
ability indicators for the entire firm or department
{Solomon 1975, 236-248; Gordon 1974, 343-356), which im-
plies that the investment concept to be used in the calcu-
lations consists of all the projects undertaken by the rel-
evant unit. If an individual invesiment project is ana-
lysed, the profitability calculations are somewhat simpli-
fied, since the problems of treating growth may be ignored.
In this case, the ROI and IRR measures of profitability may

differ due to the following reasons:

1 The time value of cash-flows. In ROI, the annual tash-
flows are given equal weights irrespective of the time
of theilr actualisation, whereas the IRR method applies
a geometrically declining weight to the annual items.
This weight is determined by the internal rate of return

{the time value of money).

2 The method of depreciation. IRR employs the annuity
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method of depreciation (sinking fund), while ROI is usu-

ally based on straight line depreciation.

3 The service life of the investment. The longer the life
of the investment, the less wéight are the cash inflows
actualising during the final years of the economic life
given in the IRR method. ROI, on the other hand, employs
no discounting, and therefore allocates the same weight

to all cash-flow items.

4 Inflation increases the nominal net return on investment
and thus also the nominal ROI becomes higher (Carsberg-
Hope 1976, 3%). While also IRR is increased, the in-
flationary effects are not identical in these two cases,
since inflation affects the time distribution of the

cash~-flows.

This study examines the relationships between ROI and the
IRR as profitability indicators in the case where the
profitability of a single investment project is of interest.
In order to make an analytical study possible some assump-
ticns about the annual cash inflows must be made. The real
cash inflows are assumed to be constant (which does not

seem unduly unrealistic), and the nominal cash inflows grow
at the rate of inflation. This study concentrates on speci-
fying and analyzing the relationships between ROI and IRR.
The general properties of IRR are not examined in this

study (see Clark-Hindelang-Pritchard 1979, 104-109).
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The following analyses are based on a pre-tax situation.
Consequently, all the indicators to be discussed express

the profitability of the investment before taxes.
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Z. THE RELATIONSHIPS BETWEEN ROI AND IRR: DERIVATION

AND ANALYSIS
2.7. Derivation

It is assumed that the ‘investment project under examination
creates revenue over a period of n years, after which its
salvage value equals zero. The annual cash inflows in real
terms are assumed constant, and can be expressend in the
money of year 0 as PO' The nominal cash inflow grows at
the rate of inflation (s). Inflation is considered as a
continuous quantity, since it is essentially continuous by
character. Therefore, the nominal cash inflow in year +t

may be expressed as
(2.1) P, = Pge R
where e 1is the base of the system of natural logarithms.

IRR may be determined by solving for that rate of discount,
r, which makes the present value of the sum of annual nom-
inal cash inflows just equal to the initial net cash outlay
of the investment. Thus, the present value of Pt’ the

. . . . 1
nominal cash inflow in year t, can be written as:

1 In the fcllowing anelyses, continuous discounting is also

utilised. The discrete formulae may be derived by a sim-
ple interest transformation (for this, see Aho-Virtanen
1981, appendix 2).
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-rt
e

i
g

(2.2) NPV(Pt)
and, after taking (2.1) into account, as:

_ {s-r)t
(2.3) NPV(P_) = Pje ,

where r denotes the nominal internal rate of return. The
real internal rate of return is given by r-s. The present

value of the sum of all annual cash inflows 1s, corre=-

gpondingly:

n n (s=-p)t
(2.4) NPV(P) = % NPV(P.) = Py I e v

t=1 t=1

{(s~r)n

(PO s-r 1 < e (s # pv)

| 1 - &

nPO (s = 1)

The coefficients of PO derive from the formula for the sum
of a geometric series. If the nominal internal rate of re-
turn equals the fate of inflation, the present value of the
sum of the cash inflows is given by the product of the serv-

ice life and the constant annual real cash inflow, expressed

in the money of year 0.

In determining ROI, the sum of the nominal annual cash in-
flows is required instead of its present value. Thus,
the time value of money is ignored. This sum can be written

as
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n n t
(2.5) SUM(P) = £ P_ = Py I e”
=1 ° t=1
s 1 = eSn
(Poe —-_S (s %= 0)
_{ 1 - e
b
(nLU (¢ = 0)

k

For calculating ROI, the arithmetic mean of equation (2.5)

is reqguired, i.e.:

(2.6) P = SUM(P)/n

In order to arrive at the concept to be used in the numera-
tor of ROI, the annual depreciation, expressed as straight
line depreciation, must be deducted from the mean cash in-
flow (equation (2.6)). The annual straight line deprecia-

ticn may be expressed as

(2.7) D D = NPV(P)/n ,

HF

where the initial capital expenditure has been replaced by
the present value expression (2.4) since these two are

equal in the IRR method.

If ROI is defined using the concept of initial capital ex-

penditure in the denominator1, it equals

T Later in this paper the denominator of ROI is given by

the average capital invested in the asset, which is an
alternative definition of ROI commonly used. TFor other
ways of defining ROI, see Clark-Hindelang-Pritchard
(1979, 52-53).
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P -0

(2.8) ROI —_—
NPV{P)

SUM{P) - NPV(P)

n « NPV(P)
_ 1 [SUM(P) _
n  NPV(P)

By substituting the previously derived expressions for

SUM{(P) and NPV(P) inte (2.8), ROI becomes

s _g(s-r)n
0 s 0 s-r

(2.9) ROTI = 1-¢ 1-¢

_e(s—r)n

0 ’ _es—r

rq-eS . - ls-r)n

3 S~
1=-e

(s-r)n
-

1T -e

1
n

5=~r
1 - e

el (1-e"My(1-e577) —.(1_88)(1_e(s-r)n)

n(1-e%)(1-e 57T,

e (1-e5) (eT-e%) - (1-e%) (eTT-a5T

n{1-e°) (etM-e5M)

Further, dencting the discount factor e’ by R and the in-

flation factor e° by S, one arrives at

R (1-8")(R-8) - (1-8) (R™-s™)
n(1-3)(R™-g™

(2.10) ROT =

1 R 1=y (rR-9)
= -1 n N
n {(1=8S){(R"=-58")

- 17,
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The above expression for ROI is applicable as long as s # 0
(we consider only the inflationary case s > 0) and r # s.
If 5=0 or r=s, (2.10) becomes 0/0, and it must be cal-
culated using the values SUM(P) = nPy or NPV(P) = nPy or
by evaluating the expression as the limits when s-+0 or
r+s, 1in the manner to be presented later. These excep;

tions do not represent any anomalies in the functional be-

haviour of ROI (e.g. discontinuities).

2.2, ROI as a function of IRR, the case of stable prices

When the rate of inflation equals zero, i.e. s=0 (S5=1),
the nominal annual cash inflow remains constant and equals
the real cash inflow, i.e. Pt: P = Py - Expression (2.10)

may be used to obtain ROI as

n
(2.11) ROI__, - 1Rl g,
- n  rY -4
_RYR-1 9
RY -1 n
B T R 8
an-|P 11 nan-lr
PIn (20100 (1=8™/es) =148+ 5% 4 ... +5% V20, when

s=0 (8=1).
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n
where a S the present value factor for dis-
ale T pnepoq)

crete payments under continuous discounting.

In order to compare ROI and the internal rate of return, r,

the difference ROI-r 1is defined as a function g(r) of r,

and analysed using different values of n:1

(2.12) g(r) = ROI(r) - »
et
ST _ T T°rF
e -1 n

If g(r) = 0, both measures of profitability give identical
readings. If g(r) > 0, ROI indicates higher profitability,
while if g(r) < 0, IRR yields higher profitability. Using

R to dencte er, one can write2

(2.13) G(R}) = ROICRY - 1In R
n
_ RIfR 1) _ 1 1n R
R -1 n

Next, the function g(r) is evaluated at the extreme points

of the range 0 < r < m:3

The entire analysis in this paper is based on the differ-
ence of ROI and IRR, where continuous or pointwise inter-
nal rate of return, r, 1s used as IRR.

r = 1n R,

83 .. =n
ni¢ =
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(2.14) g(0) =6(1) = L -1 -0 =0
n n
Rn+1__Rn 1
(2.15) lim g(r) = 1lim G(R) = lim [ ~—-1n R]
T R+o R R™ - 1 n
:lim[_R__:_.i_n—l—lnR]:oo.
R+» 1 - R n

Thus, the difference between ROI and the internal rate of
return has the end-point values 0 and «». The function G(R)
defined above may be analysed within the internal (1,=)}

by using differentiation. The general form of the deriva-

tive of G 1is

DR =R R - 17 - o R /Y

(2.16) s . > 21
dR (R*-1) R

@+DOR? = DR =R 4n 1 o nr® e

R-1)? R

R2n+1 - R2n - (n+1 )er+1 £ (n+2)Rn. - .1
R _ ot LR

This is undefined (of the form 0/0) when R equals one. By
applying l'Hb6pital's rule, one gets
Qe n+1)RD = 20R7 1 - (4 1)?R +n(me2) R

=1 = ]
ﬁQRﬂ Qm4mh1-2m¥nﬁl+1 R=1

(2.17) [

which still remains in the form 0/0. By further differenti-

ation, one obtains
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dG

(2.18) 3=

J =
R=1

(2n41)20R% 1 = 20 (2n-1RZTZ - (a1 20k + (a2 dn (a-1)RD2

(n+1)20R T C o e R R=1

n{n-1) <

2n2

0

It may be seen that the derivative is negative at R =1

dR

(r =0) except for the case where n =1, when it takes the

value zerc, For all values of n, n>71, the behavicur of
% can be described as
(2.19) [%J - [%GR.] <0

=0 R=1

Az r grows from the value zero (the internal rate of return
on the investment becomes positi\}e), the difference g(r) =
ROI -~» becomes negative. Thus, if the investment is prof-
itable, the internal rate of return 1is higher than ROI. By
using the values g(x) =0, {%%] <0, limg(r) =, and the

r=0 100
general expression for g(r), i.e.

e’ - 1 1
(2.20) g(r) :—'——““—I_"ﬁ-—-r

T -e n
it is possible to describe the behaviocur of g(r) more gen-
erally as shown in Figure 2.1. The function g(r) emanates
from the origin, is negative over some range 0 < pr < ry
(where ROI < r), equals zerc at the point r = rys and be-

comes positive (RCOI > r) as r > r,. The largest negative
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value of the function in absclute terms, g ig attained

at the point r = r .

g(ry = ROI(r) -7

Figure 2.1. The difference g(r) as a function of the in-

ternal rate of return, r.

Next, the values r, and r = are defined. The value r, is

the (positive) root of the equation:
(2.21) glr) = ——————+— = — - p =0

which cannot be solved analytically. However, a numerical
solution is possible for different values of n. Tor exam-

ple, if n =10, r, from equation (2.21) equals 0.398.

0
Thus, if the length of life for the investment under exami-
nation is ten years, and its internal rate of return 39.8 %,
its ROI measures profitability in exactly the same way as
the internal rate of return. Likewise, the internal rate
of return for this investment exceeds its ROI in the range

0 < 100r < 39.8 %, Thus, for small and moderate values of

r, ROI underestimates the internal rate of vreturn; compare
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with some earlier results based on discrete mathematics
(e.g. Merrett and Sykes 1960, 104 and Sarnat and Levy 1969,
483-484). The intensive growth of g(r) for high values of

r 1is, however, typical for the expression (2.12) adopted.

The largest negative value of the function g{(r) in absolute

value, &> corresponds to the value of the internal rate

of return » = ro This is determined by the condition
dg -
{2.22) [-&F] _ = 0
r=r
m
or {(when Rm is used to denote e )

(2.23) [=%1] =0

The solution for ]%n is derived from

(2.24) REPFT _ R2% L )R 4 (e2)RY - 1 = 0

which, once again, must be solved numerically. Once Rm is
solved for, r, may be determined fron1-rm = ln.Rm. In the
case where n =10, Iﬂn equals 1.215 and thus r.o = 0.195.

The difference between the profitability indicators ROI and
r achleves its largest negative value at 100r = 19.5%

and equals -g{(0.195) = 0.195 = ROI (0.195) = 0.195 - 0.151 =

0.04%., In other weords, the internal rate of return equals

19.5 % and ROI 15.1 %.

Let us now consider the effects of changing the service
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life, n, on the values of Ty T and gm.1 Tabie 2.1
presents the values of Phs Too ROI(I&R and . for spe-
cific values of n. The function g(r) behaves exceptional-
ly in the case where the service life has the length of one

yearz. In this case

r, v
(2.25) ror = SL&=1) g o o7 g

e’ -1
which for positive values of r always exceeds r. This re-

sult is due to the fact that the time value of money is not
taken into account in calculating ROI. It is evident that
the case ROI < r cannot materialise undef the assumption
n=1. Tor values of Ii which satisfy n >1, the behaviour

of the values of interest is as described in Table 2.1.

Within the range 0 < r < v ROI is less than r {(i.e.

0*
g(r) < 0), The interval (O,ro) increases with n until it
achieves its maximum at the value n =4 (where 1OOrO equals
49.9 %), and decreases after this point. At the limit, as
n approaches infinity, the interval (O,ro) shrinks into a

single peint (the origin). With larger values of r than

ry, RCI is larger than .

Compare this analysis with figure 1 in Merrett and Sykes
(1860 ), where the effect of the service life on the re-
lationships between ROI and IRR is schematically sketched
out and with table 2 in Sarnat and Levy (1969), which
gives deviations of ROI from IRR for selected values of
IRR and n.

at the

OJ‘OJ
Y3109

Compare with the previcus discussion on
origin.
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Table 2.1. The values of Ths

the service 1life, n.

o and g, as functions of

n 1007, 100r T00ROI(r ) |100g_|
1 - - - -
2 42.5 % 22.1 % 18.2 % 2.9 %
3 49.6 % 25.8 % 21.3 % L5 %
5 49.9 % 25.9 % 20.8 % 5.1 %
5 48.5 % 25.0 % 19.8 % 5.2 %
10 39.8 % 19.5 % 15.1 % 4.4 g
20 29.8 % 13.4 % 10.4 % 3.0 %
40 21.5 % 8.5 % 6.7 % 1.8 %
103 13.8 % honog 3.5 % 0.8 %
o 0 0 0 0

Thus, the difference g(r) 1is negative within the range

0 <r <y and its largest absolute value is reached at

O!
the point »r = r,+ The dependence of this point on n is
similar to the case of r, analysed above. Tirst, L in-
creases with n, decreases from the value n = &4 onwards,

and approaches its limit, 0.

Table 2.7 also presents the absolute values of the differ-
ence g which correspond to the listed values of ro This
difference follows the same behavioural pattern as the
values of r, and r- The largest difference is attained

at the value n = 5.
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2.3. ROI as a function of IRR, the case of rising prices
2.3.1. Analytical discussion

The expressions for ROI that were derived in the previcus
section for different combinations of internal rates of re-

turn and rates of inflation are summarized below:

(1 BLS7-1)(R-S)

1, when r#s#%0
no (s-1)(r"-s™

n
I RER-1) 11, when r =5 %0
n n(R=1)
(2.26) ROI =
n
1‘[EBE£B:ll - 1], when r4s=0
n R -1

0, when r = 0
-

Inflation is taken intec account by assuming that the cash
inflows from the investment grow nominally at the rate of

inflation, s. The real annual cash inflow stays constant.

let us now analyse the difference function g(r) =ROI(r)-—r1
in the case where the rate of inflation is positive

(>0, S>1). The aim of this exercise 1s to demonstrate
that the behaviour of the g(r)-function does not qualita-
tively differ from the case of stable prices (see section
2.2.). If r, the internal rate of return equals zero, the

expression for the difference may be written as

Yor G(R) = ROI(R) - 1nR.
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[1n(sn-1>(1-3)

i - 1] -1n1 =0,
n o (s-1)(1-s8™

(2.27) g(0) = G(1) =

while the other extreme value for g(r) is obtained if r

is allowed to approach infinity:

n
(2.28)  lim g(r) = 1im G(R) = Lim {—S D& 13- e,

It
e Foe e nena -5

R

The general behaviour of g(r) may be analysed using differ-
entiation in the same manner as in the case of stable
prices. The critical internal rate of return, Ty is now,

however, not only a function of the service 1ife (n) but

also a functien of the rate of inflation (s). The general
ferm of the derivative %% is
n T1+1 I
(2.20) L-.4,E°1 K R _ 1R}
R dR n(s~1) gB-g° n
(6§ [oD)R -nsR TR -8 - TR SR g
n(s-1) (& - g2 R
() R - SR 4 ™R 4
n(s-1) (R - 57 R

(1) R - () SPRET £ ns? TR - n(e-1) (g 2
NR(S-1) (RP-g™) 2

In the origin of the (r,g(r)) space it may be expressed as
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' d 4G
(2.30) ey = [52]
AR =

(-1 - @S + ng*1 - ns-1)(sM-1)?

n(s=1) (s"-1)2

ooy ns - n + 1

n(s-1)(s™-1)

-5

The case n = 1 is, once again, exceptiocnal. The expres-
sion for the derivative %% is then

(2.31) (42 -8 +S=1+1 . g (n = 1)

r=0 (S'?)(S—1)

and the difference itself becomes:

(2.32) G(r) = RES=DIR-8) _ 4 _ g
(5=-13}{(R-3)
=R-1-1nR, (n = 1)
or, in terms of r

(2.33) glr) = e -1 -1 (n = 1) .
This is always positive as long as v > 0.

In general (i.e. if n > 2), the following holds
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n
(2.34) 1484 28 *+nS-nt T

r=0 n(s-1)(s™-1)

Ce-DAF 240573 w3 kL 4 (0m3)80 + (- 2)S + (ne )]
n(s-1) (s7-1)

9 n-2
(s-1 Tz (t+1)S
t=0

n(s--1)2(8m'1 + 2 4 v s+ )

n-2-t

i

n-2
r (t+12S
. _ =0
= — N <0 .
n £ S
+=0

n=-2-t

The function g(r) behaves thus in a similar manner as in
the situation where prices are stable. It begins in the
origin, is first negative and decreasing, becomes increasing
at a point where the internal rate of return equals ros

and positive where r equals L growing finally towards

infinity.

The critical internal rate of return, ry, may be determined
from

rn,_£n r_ s
(2.35) g(p) = & (e”" =1)(e” =e”) _ 1 _ =0

n(e® - 1) (efM- 5™ n

The solution value is a function both of the service life,
n, and of the rate of inflation, s, and must be located

numerically.

The internal rate of return, ros which corresponds to the
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largest negative value of g(r), g,» can be solved for

from:

or, alternatively, from:

Zn+1 n+1 +

(2.37) SR - (SR 4 ng™ R - nes-1) R-sH? = 0,

which, once again, must be solved numerically. For exam~
ple, if the rate of inflation is 9.53 % (S=1.10), the
values of T and T4 for an investment with a length of
life of ten years are 0.105 (10.5 %) and 0.205 (20.5%) re-

spectively.

2.3.2. Numerlical discussion

The relationships between ROI and IRR were also examined
with numerical analysis. ROI and the difference function
g(r) were calculated using different combinations of n,
the service life and s, the rate of inflation and letting

the internal rate of return vary within the range 0-100 %.

S

The ranges for s and n were, respectively, 0-50 % and

5«40 years.

The results confirmed the typical behaviour of g(r) as de-
rived earlier analytically, (i.e. g(0) = 0, g(r) < 0 as

0 <r<ry, glry) =0, glr) > 0 as r > ry). The effects
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of varying the rate of inflation are demonstrated in Fig-
ure 2.2. ROI increases with the rate of inflation, which
makes the function g(r) move upwards.1 As a conseguence,
the points rg and v~ move towards the origin and the ab-
solute value of g, is reduced. Within the range r > rg,
for any given value of the internal rate of return, the dif-
ference between ROI and the nominal internal rate of return

grows with the rate of inflation.

r‘g;(lz“) = ROI(r)-r

Figure 2.2. The effect of inflation on the difference

function glr).

The impact of inflation on gl(r) increases as the economic
life of the investment becomes longer. This is caused by
the absence of discounting in the ROI method. TFor example,

if the investment under examination has an expected economic

T Merrett and Sykes come in the case of geometrically in-

creasing net cash flows tc a conclusion which can be in-
terpreted similariy. Their conclusion is, however, based
on only one fixed numerical example (Merrett and Sykes
1960, 105).
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life of 40 years, inflation increases the value of ROI to
such an extent that its value as a profitability indicator
becomes highly questionable. If the internal rate of re-
turn in this case equals 20 % in nominal terms and the rate
~of inflation is also 20 %, the value of ROI would yield a
profitability measure of 1025 %. In order to provide a
reliable apprcximation for the internal rate of return when
both the length of life and the rate of inflation are ex-
pected to be large in value, ROI should be calculated only
when the internal rate of return is expected to be low.

In addition to the length of the service life and the rate
of inflation, the difference between ROI and the nominal
internal rate of return is crucially dependent on the mag-
nitude of the latter. TFor sufficiently low values cf the
internal rate of return, the difference is negative (i.e.

ROI is less than the internal rate of return).

2.3.3. Defining ROT on the basis of average invested

capital

The previous discussions defined ROI using the initial cap-
ital expenditure as the denominator of the relevant ratio.

This section analyses the relationships between ROI and IRR
in the case where ROI is defined in relation to the average

capital invested in the asset. This may be expressed as

n+7
2n

NPV(P), and ROI is defined by
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(2.38) ROI = — 2 - D - 2 SUM(P) - NPV(P)
NPV(P) n + 1 NPV (P)
2n
] 2 [SUM(P) -1
n + 1 NPV(P) ’

By substituting into (2.38) the expressions for SUM(P) and

NPV(P), ROI can be expressed as (cf. expression (2.26)):

n
(2 [R(Sn‘”n(R'S)-‘I], when v % s >0
n+1  (s=1(E-sH
2 R(R:n—'l)_»l], when =5 >0
n+1 n(R1)
(2.39) ROT = (
n
2 [DR(R"])_ﬂ, when r>s =10
n+1 R'-1
0, when r=2=0
\

The difference between R0OI and the nominal internal rate of
return {in terms of interest factor R) G(R) = ROI(R) - 1nR

is now given by

n kg
(2.10) G(R) = —2 (R -DR-S) _ 4y _ 1,§,
n+ 1 (S=-1)(rRM-s™

and the derivative d6 becomes:

dr
(2.41) 46 . _2As™1D) R = (DSR4 ng™ R
ak (n+1)(S-1) (R - Sn)2 5

_ 268D (R - ey PR 4 ns™TRY - ) (-1 (R8N
(n#1) (5-1) (R-g™°
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When the nominal internal rate of return equals zero (R =1),
the derivative is
(2.42) 195,

ak R=1

_ 268D - @ns? + 2™ - ) (s-1) (87104
(n+1) (5-1) (s7=1)

DS - S+ (1S -+ 1
(n+1)¢(s-1) (8™-1)

S-S 4 (=308 2 5 L 4 [n-1 - 2= ]}
(1) =2 4872 4 45+ 1)

n=1
T (n=-1-21)8
t=0

n-1-t

n-1
(n+1) = st
£=0

The denominator of (2.42) is clearly positive. The numer-
ator contains an even number of powers of S. If the length
of life, n; is an even number {(n= 2m, say), there are
n=2m terms in the numerator. If n is odd (n=2m+ 1),
the coefficilent of the power term in the exact middle be-
comes zero, and the remaining terms constitute an even num-
ber, n-1=2m. Half of the terms (the first m terms) have
positive coefficients, which form the series n-1,n-3,...,
3,17 if n is even and the series n-1,n-3,...,4,2 if n is
odd. The rest of the terms (m last terms) have coeffi-
cients which, being arranged in descending order with re-
spect to the powers of S, are -1,-3,...,-(n-3),-(n-1),

if n 1s even, or -2,-4,...,~-(n-3),-(n~-1), if n is odd.
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If all the coefficients, whose absolute values are equél,

are paired, it is evident that the positive coefficient is
always associated with a higher power of S, i.e. a larger
positive number. Thus, the numerator as a whole, and con-

sequently the whole expression, must be positive.?

As an illustration of the above discussion, the derivative
is evaluated fer an odd value of n, 5, and an even value 6.

If the service life equals five years, one gets

s, . st + 25% - 25 -

2 +5+1)

(2.13)
R=1 s(st +3% +3

and, respectively, the case of six years results in

ae C55% +38% 4+ 5% - 52 - 35-5
(2.414) 152 - .

R=1 7(s° +5* +8¥ 482 45+ 1)

The function g(r) is in the present case positive from the
value 1 = 0 onwards (ROI > r), which differs fromr the
analysis presented in section 2.3.1., where g(r) was found
to be initially decreasing. This positive difference in-
creases with the internal rate of return and finally ap-
proaches infinity. Although this result is difficult fo
prove analytically, it may be demonstrated numerically.
Also, it becomes intuitively apparent, when the case, where

ROI is based on the initial capital expenditure, is com-

T1f n equals one or if s equals zero (8 =1), the deriva-

tive equals zero.
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pared with the present case. Here, ROI is 2n/(n+1) times
larger than the previous ROI at all levels of internal rate
of return. This also implies that ROI overestimates IRR

irrespective of the service life of the asset. |

The difference g(r) depends on the rate of inflation in a
similar manner as has been discussed in section 2.3.2.,
viz. increasing inflation moves the graph of g(r) upwards.

This is demonstrated in Figure 2.3.

The graphs of g(r) emanate from the origin and are mono-
tonically increasing. The difference between ROI and the
nominal internal rate of return is now always positive, and
for a given nominal internal rate of return, the difference

increases with the rate of inflation.

. 8(r) =ROI(r)~r

Figure 2.3. The effect of inflation on the difference

function glr).

! The results obtained are in accordance with those by

Sarnat and Levy, the latter beeing derived, however, conly
in the case of stable prices (Sarnat and Levy 1968, 484),
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3. SUMMARY AND CONCLUSIONS

This paper has analysed the relationships between ROI and
IRR in the case, where the real cash inflows from the in-
vestment remain constant. If ROI is calculated using the
initial capital expenditure as the denominator, the graph
of the difference between RCI and the internal rate of re-
turn decreases from the origin as the internal rate of re-
turn becomes positive. Thus, the internal rate of return
is higher than ROI for low values of the former. As the
internal rate of return increases, the difference grows and
reaches its maximum at a certain level (r ) of the inter-
nal rate of return. After this, the grapvh of g(r) is in-
creasing, and intersects the r-axis (ROI =r, the internal
rate of return) at a point ry. The mathematical 1imit of

g(r) 1is in infinity.

Inflation reduces the distance between origin and the point

T The higher the rate of inflation, the faster ROI rises

0
+to the level of the internal rate of return. On the other
hand, for a given rate of inflation (and » > ro), the
positive difference between ROI and r increases with the
internal rate of return of the investment. The effect of
inflatien on increasing g(r) is strengthened by length-
ening the life of the investment in question. Tor example,
if the internal rate of return in nominal terms is 20 %,

the expected length of life 40 years, and the rate of in-

flation 20 %, the calculated value for ROI equals 1025 %.
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Even more generally, ROI overestimates the internal rate of
return, if the expected service life of the project is long,
to such an extent that 1t should not be used to indicate

profitability.

The distorting effect of inflation on ROI is even more se-
vere, if the profitability of the investment, as measured

by its internal rate of return, is high.

It should be emphasized, however, that for sufficiently low
values of », RQOI is lower tﬁén the internal rate of return
thus underestimating the latter. TFor example, if the rate
of inflation is 10 %, and the expected length of life of
the investment five years, ROI underestimated IRR up to the
value of v = 36.7%. If the length of life is increased to
.ten years, this underestimation occurs in the cases where
the internal rate of return is 20 % or less, and for an in-
vestment with an estimated service life of forty years, the
relevant region ends with an intermnal rate of return of
only 1.7 %. Thus, ROI underestimates the internal rate of
return of projects with a short expected length of life,

and overestimates it for projects with longer expected

service lives (see also Merrett-Svykes. 1976, 210).

If the average invested capital is used in the denominator
of ROI instead of the initial capital expenditure, ROI is
2n/{n+1) times larger than in the previocus case. The

graph of the difference function ROI=-r still starts from
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the origin of the (r,g(r)} space, but never becomes nega-
tive. This means that ROI is always larger than the nomi-
nal internal rate of return, and this difference grows with
the internal rate of return. ROI overestimates IRR irre-
spective of the length of the service life, and this over-
estimation increases with rising rates of inflation.
Therefore, if ROI is based on the concept of average in-
vested capital, its interpretation should be even more
careful than in the previous case, especially if the proi-
ects under examination are very profitable and/or have long

expected service lives.

These conclusions are valid even under conditions of stable
prices, if the cash inflow from the investment grows at an
annual rate of s (both in real and nominal terms). This

results from the pre-tax apprcach adopted in this paper.
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LIST OF SYMBOLS

Symbol

n|r

ol

glr)

G(R)

n

NPV(Pt)

NPV (P)

Interpretation

present value factor for discrete payments where
n 1is the number of periods and r the rate of
discount

depreciation in yeart t, t=1,2,...,n

annual straight line depreciation

difference between ROI and the internal rate of
return as a funetion of the latter, r

largest negative value of g(r) in absclute
terms

difference between ROI and the internal rate of
return as a function of R, the interest factor

service 1ife of the investment

present value of the cash inflow in year t in
nominal terms; t=1,2,...,0

present value of the sum of annual nominal cash
inflows (years 1,2,...,n)

real annual cash inflow from the investment (in
the money of year 0)

nominal cash inflow in year t, t=1,2,...,n
average annual nominal cash inflow

internal rate of return on invesiment (continu-
ous)

critical internal rate of return (equalises
and ROI)

internal rate of return which corresponds tc the
value of g(r) = g,

interest factor
return on investment

rate of inflation (continucus)
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3 inflaticn factor

SUM(P) sum of the annual nominal cash inflows (years
1-n)

t as a subindex: ordinal number cf year

in e.g. discounting: number of years
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