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0. A Short Review of Probability Theory

Probability Spaces

The sample space Q2 = {w1,...,w} IS the set
of all possible outcomesw;, 1 = 1,2,...,k of an
experiment. Subsets of 2 are called events.

A function P : 2 — IR is then defined as a
probability measure (for short probability), if

the following conditions hold:

(P1) P(A) >0 for all AC Q2

(P2) P(2) =1

(P3) A, BCQ, ANnB =10 then
P(AUB) = P(A) + P(B)

T he following properties of P follow then by
application of elementary set theory (exercise):
a) P(A%) =1 - P(A),

b) P(0) =0,

c) PLAuB) = P(A)+ P(B) — P(An B)



Note that in order for such relations to be
well defined, we must be sure that the empty
set 0, the complement AC, the union AU B
and the intersection AN B are subsets of the
sample space €2 as well. In other words, the
collection of events must be closed under set
operations. A collection of subsets of €2 that
Is closed under set operations is called an
algebra. Formally we define it as follows:

A collection F = Fy,F>,..., F, of subsets of

Q = {wy,...,wr} is called an algebra on 2 iff:
(A1) Qe F

(A2) FeF =FCerF

(A3) Fi,FjEfiFiUFjEf

The empty set () and the intersection F; N F;
are then also included in F (exercise). Proba-
bility is then defined as a function P . F — IR
having properties (P1)-(P3) with A,B C 2
replaced by A,B C F. The triple (2, F,P) is
called a probability space.




Sigma-fields

If €2 is a general continuous space consisting
of infinitely many events, then the definitions
of an algebra and a probability measure need
to be generalized as follows:

A collection F = F1y, F>, ... of subsets of C2 is
called a o-algebra or o-field on 2 iff:

(S1) Qe F
(S2) FeF =F“crF
@)
(S3) Fi,Fp,...e F= |J eF

=1

Probability is then defined as a function P :
F — IR satisfying:

(P1) P(A) >0 for all Ae F
(P2) P(Q2) =1
(P3) Aq,Ar, ... € F, AiﬂAj:@Vi#j

= P({J 4) = > P(4)
i=1 i=1



Conditional Probability

When modelling asset prices over several pe-
riods, we are often in a situation that the
sample space varies through time. For ex-
ample, if we want to model a stock price a
certain time period ahead, then the possible
range of prices that we may reasonably ex-
pect the stock to attain, is certainly much
larger within a years time than within the
next few seconds. The basic building block
for time-varying sample spaces is conditional
probability defined as:

P(ANB)

P(A|B) := P(B)

assuming P(B) = 0

The conditional probability P(A|B) may be
regarded as an ordinary probability with B
as new sample space. This may be seen as



follows:

(P1) P(A|B) >0, because
P(ANnB) >0 and P(B) >0
P(BNB) P(B)
P(B)  P(B)
(P3) Let A1, A> be mutually exlusive
events, that is A1,A> € F and
A1 NAy =10, then:
P((Al U AQ) M B)
P(B)
_P((A1NnB)U(A2N B))
B P(B)
_P(Al NB)+ P(A>N B)
B P(B)
_P(AlﬁB) P(A>N B)
- P(B) P(B)
=P(A1|B) + P(A>|B)

(P2) P(B|B) =

P(A1UA5|B) =

Events A and B are called independent, iff
P(ANB) = P(A)P(B). This implies that the
conditional probabilities P(A|B) and P(B|A)




reduce to their corresponding unconditional
probabilities, as then, for example:

_P(ANB) _ P(A)P(B) _
P(AIB) = — 2 b =P

Suppose that P = {Aq,A5,...,Ap} forms a
partition of the sample space <2, that is:

A1UAU.. .UAp, =, and A;NA; =0V iFj.

Then the law of total probability states that
for any B C S2:

P(B) = P(A1)P(B|A1) + ...+ P(An)P(B|An)

This may be seen as follows:

P(A1)P(B|A1) + ...+ P(An)P(B|An)

BN papt (PB(Z 1‘;‘” +.. 4 Pant (PB(Q 3”)

P((BNApD)U...U(BNAp))
=P(BN(A1U...UAp))

Db Bna) = P(B)

(P3)



Information Structure

Time varying partitions are a convenient tool
to describe how we learn more about the out-
come of an experiment over time. The parti-
tion Py at time point t splits then the sample
space 2 according to the outcomes that are
still possible given the information gathered
so far.

Example 1

Suppose a stock price Sy starts at Sop = 100
and may in the next two periodst = 1,2, ei-
ther fall or rise by 50 currency units. Denote
for convenience:

w1 = {Sp = 100, S; = 50, S, = 0}

wy = {Sp = 100, 81 = 50, S, = 100}
w3 = {Sp = 100, S; = 150, S, = 100}
wg = {Sp = 100, 7 = 150, S, = 200}

The sample space is then Q = {w1,wp,ws3,ws}.



AS an information tree the structure is

So =200 wy
/ Sy = 15o<

So =100 w3
So = 100 o —1
\ 2 = 00 w9
51=50<
So =0 w1
t=20 t=1 t =2

Our information at each time pointt = 1,2
is reflected by the partitions:

Po = {SO — 100} — {w17w27w37w4} = 2
P1 = {{51 = 50},{51 = 150} } = {{w1, w2}, {w3,ws}}
Pr = {{w1},{wa}, {ws}, {wa}}

Note that the partition at each time point
is obtained as a further subdivision of the
preceeding partition. This must be so for a
consistent description of a learning process.



For suppose that some subset of the partition
would increase over time. Then, depending
upon wheter such an increased subset is con-
sistent with the corresponding state of the
experiment, this would correspond to either
forgetting a part of the history or even an
inconsistent description of the experiment.

Example 1(continued)

Consider: P, = {{w1},{w2, w3}, {wa}}.

This would enable us to correctly infer the
possible end values S, =0, S, =100, and
S> = 200. But with knowledge of the par-
tition alone (that is without checking the in-
dividual elements inside its subsets) we could
not tell whether the final state So = 100 has
been obtained via S1 = 50 or via S1 = 150.

Consider now: PS = {{w1,ws}, {ws}, {w3}}.

This is obviously an inconsistent description
of the experiment, because based upon the
outcome of Sq1 we can already rule out one of



the states wy and wga, and in this case we can
even seperate them based upon the value of
Sp, since So({w1}) = 0 and S>({wa}) = 200.

If the conditional probabilities given the events
in the preceeding partition are known, we
may use the law of total probability in or-
der to obtain the (unconditional) probability
of an event at each time step.

Example 1(continued)

Suppose the stock price St is equally likely to
rise or to fall at each time step, that is:
P({S; = 50}|{Sp = 100})
=P({S1 = 150}|{So = 100})

=P({S2 = 0}|{81 =50}) = ... =



Then, by the law of total probability:

P({S1 = 50})
=P({S1 = 50}|{So = 100})P({Sp = 100})
1 1

2 2’

P({S51 = 150})
=P({S1 = 150}|{So = 100}) P({Sp = 100})
1 1

2 2’

P({S> =0})
=P({S2 = 0}{S1 = 50})P({S1 = 50})
+P({S2 = 0}{S1 = 150})P({S1 = 150})
1 1 1 1
=22t Y
P({S> = 100})
=P({S2 = 100}|{S1 = 50}) P({S1 = 50})
+P({S2 = 100}|{S1 = 150}) P({S1 = 150})
1 1 1 1 1

22732272

P({S = 200}) = P({52 = 0}) = .



Note that to every partition there exists a
unique algebra consisting of all unions of its
sets and their complements. We say then
that a partition P generates the algebra F.
Conversely, we may obtain the generating
partition of F as the collection of the smallest
nonempty sets in F, that is for finite spaces:

P={AcF :A#*0, AnB=Aor) VBe F}

Example 1(continued)

T he algebras generated by the partitions P,
P1, and P> are:

fO — {(2)79}7

F1 = A{0,{w1, w2}, {w3,wa}, R},

Fo = {0,{w1},{w2,w3,ws}, {wo}, {w1, w3, wa},
{ws}, {w1, wo,wa}, {wa}, {w1, w2, w3},
{wi,wo}, {ws, wa}, {w1, w3}, {wo, wa}
{wo, w3}, {w1,wa}, 2}

Note in the above example that every set
contained in an algebra F; is also contained



in the following algebra F;4 1, since each par-
tition Py has been obtained by a further sub-
division of the preceeding partition Py;_1. SO
each algebra is a subset of the following al-
gebra (written as Fi_1 C F1).

A sequence of algebras IFF = {F; :t=0,1,...T}
having the property Fi_1 C Fy for all t =
0,1,...71 is called a filtration. Obviously, fil-
trations are good candidates for describing
the learning process of investors regarding
the evolution of security prices over time.




Random Variables

A random variable X is often loosely defined
as any function from the sample space 2 to
the real line R (X : 2 — IR). However, if
we wish to associate probabilities with the
values of a random variable, say P(X = x) .=
P({X = x}), we must first make sure that the
event {X = x} is actually contained in some
algebra F for all values x the random variable
X may attain.

For that reason we define a random variable
X on the probability space (2, F,P) as an
invertible function X : €2 — IR with the im-
portant property that it is measurable with
respect to algebra F (for short F-measurable,
denoted as X € F), that is:

{weQ: X(w) =2z} eF, forall x € RR.

This means that whichever value x the ran-
dom variable X attains, the corresponding



event w giving rise to this value through the
transformation X (w) = z, is contained in the
algebra F; thereby allowing us to perform all
the set operations we need in order to have
a well defined probability.

We may then define an induced probability
for any range of values X' C IR the random
variable may obtain as:

P(XeX) =PHwe: X(w) e X'}

Example 1(continued)

The stock prices S;, t = 0,1,2 may all be
regarded as random variables with induced
probabilities:

P(Sp = 100) = P({Sp = 100}) =1

P(S1 =50) = P({51 = 50}) = %

...and so on.



T he probability density fx(x) denotes the prob-
ability P(X = x) for discrete random variables
(that is, for r.v.’s attaining only a count-
able number of values), while for continuous
random variables (that is, continuous func-
tions X : Q2 — IR), it denotes the limit

dFx(x)
de ’

fx(@) =limP(X <z +h) - P(X<z—h) =

where Fx(x) := P(X < z) denotes the
cumulative distribution function of X.

The expected value of X, denoted uyxy = E(X),
is defined as

[ fx(x) da for X continous,
Ax = Yo X(w)=2z TP (X =x) for X discrete.

The expected value has the following prop-
erties:

(E1) E(c) =¢, ifcis a constant,

(E2) E(aX +bY) =aFE(X) 4+ bE(Y),
if a,b are constants and X,Y
are random variables.



Two discrete random variables X and Y are
called independent if for all x,y € IR:

PHX =z} {Y =y}) = P{X ==} P{Y =y})

In that case we have additionally:

(E3) E(XY) = E(X)E(Y) for X,Y indep.

T he variance of X is defined as

0% = V(X) 1= E(X — px)?
It has the following properties:

(V1) V(X) =E(X?) — E(X)?

(V2) V(e¢) =0, ifcis a constant

(V3) V(aX +bY)=...
= a’V(X) 4+ b°V(Y) 4 2abCov(X,Y)
for a,b constants and X,Y r.v.’s
with Covariance
Cov(X,Y) 1= E[(X — pux)(Y — py)]

...= E(XY) - E(X)E(Y)




T he Set Indicator Function

A particularly easy and useful random vari-
able for our purpose is the indicator function
of set A defined as:

Iy:=1ifwe A, and 0 otherwise.

It is important for us because we can use it
to describe, to which member of a generating
partition the true state belongs.

The indicator function has the following im-
portant property:

E(Iy) = Y Pl 4 =z)
r:dl y(w)=x

—0.-P(I4,=0)+1-P(I[4,=1)
= P({w € A}) = P(A4)



1. Stochastic Processes and Martingales

Stochastic Processes

A sequence of random variables X1, Xo, ..., Xp
defined on the same sample space is called
a Sstochastic process. In other words, a sto-
chastic process S(t) := S(t,w) may be de-
fined as a real valued function

S(t,w) :{0,1,...,T} x Q2 — IR.
Keeping t fixed yields the random variable
Si(w) : 2 — IR.
Keeping w fixed yields the sample path

S.(t) :{0,1,...,T} — R.

A stochastic process S = {S(t) :t=0,1,...,T}
is said to be adapted to the filtration IF' =
{F+ .t = 0,1,...,T}, if the random vari-
able Siy(w) is Fi-measurable for every t =
0,1,...,T.




Example 1(continued)

The sequence of stock prices Sp, S1,S> may
be regarded as realizations of a stochastic
process S = {S(t) :t=0,1,2}. S is adapted
to the filtration I = {Fq,F1,F2}, since all
stock prices Sp,S1,S> are measurable with
respect to their corresponding algebras, for
example Sq:

{weQ:S51(w) =50} ={{wi,wr} €F
{we Q: 851 (w) =150} ={ws,wa} € Fq

Note, that because Fo C F1 C Fp, S71 is
also Fo-measurable, but not Fg-measurable.
That is

{{w1,wr}, {wsz,wa}} C Fo, but
{{w1, w2}, {w3,wa}} € Fo,

because when we get to know Sq at time
point t = 1, then we know it still at t = 2,
but do not know it yet att = 0. This is
why we may call a stochstic process, which
is adapted to IF = {F;}, observable with re-
spect to information set F; or {F:}.




Conditional Expectations

In analogy to the unconditional expectation
as the sum

E(X) = Z xP(X = x)
r: X (w)=zx
we may define the conditional expectation of
X given the event A (in the discrete case)
as:

E(X|A) = Z zP(X = z|A)
. X(w)=z

AS discussed earlier, conditional probabilities
may be regarded as ordinary probabilities on
the reduced sample space consisting of the
event which it is conditioned upon. This im-
plies, that the conditional expectation E(X|A)
may be regarded as an ordinary expectation
on the reduced sample space A.



In particular, it has the properties (E1) and
(E2) of an ordinary expected value:

(E1) E(c|A) =c¢, ifcis a constant,

(E2) E(aX +bY|A) =aFE(X|A) +bE(Y|A),
if a,b are constants and X,Y
are random variables.

AS a special case we may choose the expecta-
tion of a random variable X conditional upon
the event that another random variable Y at-
tains a certain value y, that is:

E(X{Yy =y} = > zP(X=z{Y =y})
. X (w)==x

Doing this for all values y which the random
variable' Y may attain, we may extend the de-
finition of the conditional expectation of X
given the event {Y = y} to the conditional
expectation of X given the random variable Y
as

E(X|Y)(w) := E(X{Y(w) =y}), Vy : Y(w) =y



Note that conditioning on a random vari-
able rather than on a single event implies
that E(X|Y)(w) (or E(X|Y), for short), un-
like E(X|A), is a random variable itself, as it
depends on w just like Y (w) does. This im-
plies that the induced probability of E(X|Y)
is

P(E(XY)(w)) =P =y), Vy:Y(w)=y

In our attempt to model stock prices and
what investors think about them, it is of
particular interest to calculate the expected
value of a stock price given its own history,
that is conditional upon the particular set
of the generating partition P;, that we ex-
perience at the moment. In other words,
denoting the sets of the generating parti-
tion Py as A¢1,...,Asn and the correspond-
ing indicator functions ﬂAt,l’ . .,][Am we are
interested in conditional expectation of the
type E(X|EAt7Z.) = E(X|A;;) if Ay ; Is the true
state.



We may do this simulstaneously for all sets
At i, 1 =1,...n of the generating partition Py
by introducing a random variable

Lii=d, i=1,...n, forly, =1

and defining the conditional expectation of
X given information set F; as

Ey(X)(w) = E(X|Ft)(w) = E(X|I)(w),

where I; has been defined above and F; is
the algebra generated by P;.

T he definition above for discrete random vari-
ables can be shown to be consistent with the
following general definition of E(X|F:) as the
unique random variable satisfying:

a) E(X|F) € F, (Ey(X) is Fi-measurable)
b) E(E(X|.7:t)ﬂAt) = E(XﬂAt), VA; € Fy.

Example 1(continued)

We shall now calculate the probability distri-
butions of E(S>|F;)(w) fori=0,1,2.



The only partitioning set of Fq is Q2 = {w1,wp,w3,w4}.
T herefore:

E(S2|Fo) = E(S2/2) = ) _ aP({S2(w) = z}|2)

L PUS @) =2} Q) P({So(w) = 2})
=2 P(2) =2.® 1

1 1 1
=Y 2P(So =) =E(S2) =0--+100- = +200- -
= 4 2 4

—100,
P(E(S5|Q)) = P() = 1.

P1 = {{w1, w2}, {w3,ws}}, therefore:

E(S|{w1,w2}) = E(S2|S1 = 50)
—0- P(Sy = 0[S = 50) 4+ 100 - P(S, = 100|S; = 50)

1 1
:O s — 100 s — = 507
2 T 2

P(E(So{w1,w2})) = P({w1,w2}) = P(S1 = 50) = %

Similarly:

1
E(S5|S1 = 150) = 150, P(E(S3|S1 = 150)) = >



For calculating the probability distributions
of E(S>|F>)(w), note that fori=1,2,3,4:

E(S2|w;) = xP({S2(w;) = x}|w;)
=855 (w;) P(wilw;) = So(w;),

and.:
P(B(S2lw)) = Pw) =5 5 =,
T herefore:
B(S{en}) =0,  P(B(SaH{w}) =

E(So{w2}) =100, P(E(S2|{w2}) =

E(S2|{ws}) = 100, P(E(S2[{ws3}) =

-l>||—l-l>||—‘-l>|l—‘-l>|l—‘

E(Sz[{wa}) =200, P(E(So{ws}) =

We may deduce from the example above,
that the conditional expectation with respect
to the samllest possible algebra Fo = {0, 2}
always equals the unconditional expectation,
that is Eo(St) = E(St).



Furthermore we deduce that the conditional
expectation with respect to the largest possi-
ble algebra at endpoint T' equals the random
variable itself, that is Ep(St) = Sr.

Finally, it appears from the example above,
that it doesn’'t matter whether we forecast
So> directly by calculating it its expected value
Eq(S>) = E(S»), or whether we try to fore-
cast it indirectly by forecasting its conditional
expectation att =1, since:

1 1
Eo(E1(S2)) = 75047150 = 100 = Ep(52).

This result holds in general, since by the law
of total probability we have that:



Eq(X)

E(X)= Y zP(X=x1x)
. X(w)=x

1=1

— Z x(i P(X =zx|l; =1)P(I; = 1)

. X (w)=x

:ZE(XHtIi)‘P(It:i)

= E(E(X|I})) = Eo(Ey(X))

This result may be generalized further by re-
calling that a conditional expectation given
some event A may be always thought of as
an unconditional expectation with A repre-
senting the whole sample space. Reverting
this logic, we may then regard the uncon-
ditional expectation in some sample space 2
as a conditional expectation in an even larger
sample space Q' (such that Q C '), given
the event 2. In other words, we may gener-
alize the result obtained above:

E(X) = E(X[Fo) = E(E(X|F)|Fo) = Eo(Ei(X))

|



for Fo C F1 into:

E1(X) = E(X|F1) = E(E(X|F2)|F1) = E1(E2(X)).

for F1 C F». This important result is called
law of iterated expectations. It can be shown,
that the order of indexes in the iterated con-
ditional expectation does not matter, that is:

E(E(X|F)|F2) = E(E(X|F2)|F1) = E(X|F1)

Example 1(continued)

We verify the law of iterated expectations for
S> conditional on F1 and F>:

E(E(S2|F1)|F2) = E(E(S2|F2)|F1) = E(S2|F1)

The probability distribution of E(S»|F1) has
already been calculated above as:

E(S>|F1)(w) | 50 150
P(E(S2|F1)) | 1/2 1/2




et us now calculate the probability distribu-
tion of E(E(Sz|f2)|.7'_1).'

E(E(S2|F2){w1,w2})
—0- P(Sy = 0[S = 50) 4+ 100 - P(S, = 100|S; = 50)

1 1
=0~ + 100~ =50, and similarly:

1 1
E(E(S2|F2){ws, wa}) = 100 = 4200 - = = 150

The probability distribution of E(E (S| F2)|F1)
IS therefore:

E(E(S2|F2)|F1)(w) | 50 150
P(E(E(S2|F)|F1)) | 1/2 1/2

For calculating the probability distribution of
E(E(S>|F1)|F2)(w), note that for any B C A:

P(ANB) P(B) _

P(B)  P(B) !

P(A|B) =




We have therefore:

E(E(S2
E(E(S>
E(E(S>
E(E(S2

F1)
F1)
F1)
F1)

{w1}) =50 P({w1,wo}[{w1}) = 50
{w2}) =50 P({wy,w2}[{wz}) =50
{w3}) = 150 - P({w3,ws}{w3}) = 150
{ws}) =150 - P({w3,wa}[{ws}) = 150

all with probability P({w;}) = z, such that:

E(E(Sa|F1)|F2)(w) | 50 150

P(E(E(S2|1F1)|F2)) | 1/2 1/2



Other properties of E(X|F:)

The following properties of the conditional
expectation with respect to an algebra F;
ensure that we may take random variables
out of the conditional expectation, if they
are known at time t (that is F:-measurable).

Specifically, let X1,X> and Y71,Y> be random
variables, of which X1 and X» are F;-measurable,
that is known at time t. We have then:

E(X1Y1+XoYs|F) = X1 E(Y1|F)+XoE(Y2| Fy)
Furthermore, if X € F, then E(X|F) = X.

Finally, if X is independent of X, that is:
P({X == x}|Ft) = P(X =x)Vx € IR, F; € Fy,
then: E(X|F:) = E(X).

This means that we may replace the con-
ditional with the unconditional expectation,
if X is unrelated to the information structure
generated by the filtration I = {Fq, F1, ... Fr}.



Martingales

Let S={S(t):t=0,1,...,T} be a stochas-
tic process with sample space 2 and prob-
ability measure P, adapted to the filtration
F={F:t=0,1,...,T}.

Then S is called a:

—martingale if E(S,(t + 1)|F:) = Su(t),
—supermartingale if E(S,(t+ 1)|F:) < Su(t),
—submartingale if E(Su(t+ 1)|F:) > Su(t),
for all w € £2 and for all t <T'.

Note that if S is a martingale: Ei(S;4+1) = St,
we have by the law of iterated expectations:

St—1 = E;_1(St) = E4_1(Et(Si31)) = Ep—1(S¢41)
T herefore, by applying this procedure s times:
E(Su(t+ s)|Ft) = Sw(t) for all s > 0, we R

That is, the current value of a martingale is
the best forecast of all future values.



Similarly we have for supermartingales

E(Sy,(t+ s)|Fr) < Su(t) for all s >0, we L,

and for submartingales

E(Sy,(t+ s)|Fr) > Su(t) for all s >0, w e Q.

Inserting the definition of a martingale into
the unconditional expectation and applying
the law of iterated expectations yields:

E(St) = E(E;—1(St)) = E(S;—1) = ... = E(Sp)) = So,

SO a martingale is “constant on average”.

Similarly we obtain for supermartingales

E(St) = E(Ei_1(St)) < E(Si—1) = ... < E(Sg) = So,
and for submartingales

E(St) = E(E;—1(Sy)) 2 E(Si—1) = ... =2 E(Sp) = So.

So supermartingales “decline on average ""and
submartingales “increase on average .



If S is a martingale, then the conditional ex-
pectation of the martingale difference,

ASiyq ;= S+ 1) - S(t), is zero, because:

Ei(ASiy1) = Ey(Spy1) — Ex(St) =S¢ — S¢ =0

Example 1(continued)

S={S(t):t=0,1,2} is a martingale, since:

1 1
Eo(51) = 750+ - - 150 = 100 = Sp, and

1
E1 (5|81 =50) = -0+ -100 = 50 = 51,

1
2
1 1

E1 (52|81 = 150) = - 100 + - 200 = 150 = 51.

Accordingly: E(So) = E(Sl) = E(SQ) = 100.

Example 2

T he driftless random walk,

St = Si_1 + €, Et(et_|_1) =0Vwel2,t>0



IS a martingale, because:

Et(Si41) = Ei(St) + Et(ei41) = St

Example 3

The random walk with drift,

St =p+Si_1+e, E(eg1) =0Vw e 2,t>0

is a submartingale (respectively supermartin-
gale) for u > 0 (respectively u <0):

E¢(Si4+1) =p+ St = S, for = 0.

Example 4

If S =4{S) :t = 0,1,...,T} is adapted
to the filtration IFF = {¥F; : t = 0,1,...,T},
then the stochastic process defined by the
sequence of conditional expectations M; =
E(St|F:) = E«(St) is a martingale, beause
by the law of iterated expectations:

Ey(My41) = EtEy1(ST) = E(ST) = M;.



Note the dependence of the martingale prop-
erty upon the probability measure P in the
probability spaces (2,7, P),t = 0,1,...T.
T his will be illustrated in the following:

Example 5

ot S — Si—_1 + 1 with probability p;
"7\ s,_1 — 1 with probability (1 — p).
= Ei(Si41) =St +1)-p+ (St —1)- (1 —p)
=S (p+1-p)+1-p—1-(1—-p)
=S+ (2p—1)

So Sy will be a martingale for p = 1/2, a sub-
martingale for p > 1/2, and a supermartin-
gale for p < 1/2.



Continuous-Time Martingales

The concept of a martingale may be extended
into continuous time as follows:

Let F be a o-algebra and {Z Cc F,t > 0}
a continuous time filtration, that is an in-
creasing family of sub-sigma-fields Iy C Ly p,
for all t > 0, h > 0. A stochastic process
{St, t > 0} is a martingale with respect to
the family of information sets ZI; and proba-
bility measure P, if for all t > 0O,

(M1) S is Iy-adapted (known, given 1;),

(M2) E(|St]) < oo (forecasts are finite),

(M3)  Ei(Si4u) = E(Si+ulZt) = St Vu >0
(latest observation is best forecast
of all future observations);

where all expectations are assumed to be
taken with respect to the probability mea-
sure P.



Super- and submartingales are analogously
defined by replacing (M3) with the condi-
tion Ei(Si4,) < St for supermartingales and
Ei(Si44) > St for submartingales.

We have then for martingale differences, like
in the discrete case (AS;4, := Sii4qy — St):

Ey(ASi ) = Et(Siqq) — Er(Sy) = St — St = 0,

that is, future changes in Sy are unpredictable.

Example 6

We shall soon introduce (generalized) Brown-
ian motion as a continuous time process, start-
ing at O, with normally distributed and uncor-
related increments, that is Xg = 0,

AXy = Xt — X;_ap ~ N(uAt, 02 At) Vi, At,

and E[(AXy—uAt)(AXs—uAt)] = 0 VAL, u % s.

We have then:



Xt is known at time t (I;-adapted). (M1)
E(|X¢|) = ut < oo for any finite t. (M2)

(M3) Ey(Xi4y) = B (Xt + (Xygoy — X))
= FEy(Xt) + Et(AX4y)
= Xt + pu, for all u > 0.

So X; is a martingale for y = 0 and a sub/
(super)-martingale for >0 (u <0).

Note that even when u # 0, it is easy to
transform X; into a martingale by subtracting
the deterministic function ut, that is after
defining a new process Z; .= Xy — ut we get:

E(Ziyy) = EBt(Xpqgy — p(t +u))
= Et(Xiqq) — p(t +u)
= Xt + pu — ut — pu
= Xt — pt = Zy



Doop-Meyer Decomposition

The above example was our first illustration
of the Doop-Meyer Decomposition, that is
the decomposition of a submartingale (for
uw > 0) into a deterministic trend and a mar-
tingale component.

In order to understand the conditions under
which this can be done, we need to shortly
discuss the properties of the sample paths
(trajectories) S, (t) of a stochastic process
S.

We say that a martingale S; is continuous,
if its increments AS; := S;y,, — St satisfy for
u— 0

P(AS; >¢€) — 0, for all e > 0,

meaning that its sample paths S, (t) are con-
tinuous (with probability one).

If the martingale contains jumps which are
not too concentrated, then it may still be



written as a right-continuous martingale, that
IS a martingale whose increments AS; obey
the same condition

P(AS; >¢) — 0, for all e > 0,

where the limiting sequence v — 0 is confined
tou > 0 (also written as u | 0 or u — 04),
that is, the sample paths are continuous from
the right, but not necessarily from the left.

So every continuous martingale is obviously
also right-continuous, whereas the converse
does not hold.

We are now in the position to state a set
of sufficient conditions under which we may
split up a submartingale into a deterministic
trend and a martingale component as follows:

Theorem. Let X; be a right-continuous submartingale
w.r.t filtration {Z;}, and E[X:] < oo for all t, then X
admits the decomposition

Xt = M; + At,

where M; is a right-continuous martingale and A; is
an increasing I,-measurable process.




Note that the theorem stated above implies
that every discrete process X{i c {I} with
E(Xgi) < oo may be decomposed into a deter-
ministic trend and a martingale component,
since it may always be regarded as a con-
tinuous process that remains constant until
immediately before the next timestep, that
IS:

X(t; +u) = Xi, for t; <tj+u; <tiqq.

Example 5 (continued)

S;_1 + 1 with probability p;

Let Sy = . .
S;_1 — 1 with probability (1 — p).

Earlier we found that

Ei(ASi41) = Ee(Sp41 — St) =2p— 1.

t+u
= Ei(ASi+u) = Ei(Si+u — St) = E ( Z ASt’-I—l)
t=t+1

t+u t+u
= ) E(ASi1)= ) (2p-1)=2p—1u

t'=t+1 t'=t+1



Therefore: Ei(Si4,) = St + (2p — 1)u.

Define a new process: Z; =S¢+ (1 — 2p)t
= Ei(Zi4y) = Et(Sipo + (1 = 2p) (¢t +u))
= Et(Siqq) + (1 =2p)(t + u)
=S+ 2p—1Du+ (1 -2p)t+ (1 —2p)u
= St + (1 —2p)t = Z

Example 7

Assume generalized Brownian motion with-
out drift, implying:

AXyyy = Xiqy — Xt~ N(0,0%u) ¥ t,u>0
and consider the squared process S; := X7.

E(ASi4) = E(XP, — X7) = B((Xi + AXp40)° — X7)
= Et(XtQ —I— 2XtAXt_|_u ‘I‘ (AXt—I—u)Q - Xt2)
= 2X; By (AXi4y) + Bi(AXE,) = 0?u # 0

Define a detrended process: Z; = Sy — o?t
= Et(Zigy) = Et(Siqq — o2 (t + u))

= FE:+(S; + ASt—I—u — ot — 02u)
= St + o2u — 0%t — olu = Zt.



2. Modelling Randomness in Asset Prices

Suppose a stock price S(t € [0,T]) is ob-
served at n equidistant time points 0 = tg <
t1 < ...<thp =T of length h = T/n, that is
tr —tp,._1 = h, k= 1,...,n, such that S5, =
S(tr) = S(kh).

Denote the price innovation AW, as the un-
predictable component of the price change
AS, = S(kh) — S((k— 1)h) that is:

AW = (S — Sk—1) — Er_1(Sg — Sk—1),

where E,._1(-) denotes the conditional expec-
tation with respect to information set Z;,_.

Note the following properties of AWy,:

1. AW, is unpredictable given I,_1, because:

Ep 1(AWy) = Ex_1(Sk — Sk—1) — Ex—1(Sk — Sk—1)
=0,



2. AWy is a martingale difference, that is the accu-
mulated innovation process Wy, := Zle AW; is a
martingale:

Ep 1(Wi) = Ep 1 (AW + ...+ AW + AW)
= Ep1(AW1 4 ... 4+ AWi_1) + Ei_1(AW)
:AW1+...+AWk_1+O:Wk_1.

3. As a consequence, price inhovations are uncorrelated:
COV(AW@', AWZ'_H') = E(AVViAWi—i—j) - E(AVVZ')E(AWZ'—H)
ZEEZ'+j_1(AW@'AW¢_|_j) — E(AWiEi—i—j—l(AW/i—l—j))

T he variance Vi, of the price innovations AW},
is Vi, := E(AW?), because E(AW) = 0.
The variance of the accumulated innovation
process Wy, = Yk_, AW; at time t;, = kh is

k k k
V=V (Y Aaw; | = S vaw) = Y v,
1=1 1=1 1=1

because the increments of AW, are uncorre-
lated (see (V3)).

Merton(1990) showed that Vy, is proportional
to h under the following mild assumptions:



(Al): V > A1 > 0 with A1 independent of n,
meaning that there will always be some vari-
ation or randomness involved, no matter at
how small intervals we observe the price process
(volatility is bounded from below by Aq).

(A2): V < Ay < oo with A independent of n,

meaning that observing the price process more
and more often does not increase volatility
to such an extend that it becomes infinitely
large (volatility is bounded from above by

As).

(A3): Vi. > A3z Vipaz, 0 < A3 < 1, and
Vimaz = max{Vq,...,Vn} indep. of n,

meaning that volatility is not concentrated in
such a way that any of the subintervals would
be left without volatility.

Under these mild assumptions, the variance
V. of the price innovations AW, will be pro-
portional to the length of the observation in-
terval h, where the constant of proportional-
ity may depend upon the subinterval k, that
is, Vi, = E(AWZ) = o£h, which we now show:



Combining (A2) and (A3) yields:

(AQ) Def (A3) (Def)
Ay Aoh
= < 22 =20
ES nAs . AsT

that is Vi, is bounded from above by a line

proportional to h.
On the other hand, we know from (Al):

(Def) _ (Def (A1) A
anax > V(G)ZVk > A]_:>Vmagc> 1

k=1
This may be combined with (A3) as follows:
AzA; _ AzA
n T
So Vi, is also bounded from below by a line
proportional to h, that is:

A3zAq Ao
+h <V, < ——"-h.
B AT
This implies that for each k we can find a

constant o2 € [A?’Al A2 } such that:

n

- h

T  A3T

Vi, = E(AW?) = o2h.



T he Wiener Process

We saw in Example 2, that the symmetric
random walk St = S;_1 + €, Et(et) = 0
iIs a martingale. We can extend this into
a continuous-time process with the required
properties of price innovations as follows.

Suppose that accumulated price changes
W(t € [0,T]), to be observed at n equidistant

time points 0 = tg < t1 < ... < tn = T,
of length h = T/n (that is, t — t,_1 = h,
k=1,...,n), are modelled as the sum of k

independent price innovations AW;, that is,

k
Wi = W(t) = W(kh) = Z AW,
i=1
where each of the price innovations AW, has
the following probability distribution,

1
AW, = +vh  with probability 5



T he expected value and variance of the price
innovations are:

E(AW) = Vh+ 5 - (—VR) =0,

(Vh)? n (—Vh)?
2 2

V(AW,) = E(AW;?) = h.

The expected value and variance of the ac-
cumulated price innovations at time t; are
then:
k
E(W(t)) = ) E(AW;) =0,
i=1

k
VW () = 3 V(AW;) = kh.
1=1

Now, in order to obtain a process that is con-
tinuous in time, divide each interval into finer
and finer subintervals, that is, let h — 0, or
n — oo for the whole time span T

We have then, by virtue of the central limit
theorem:

W(T) = i AW; -4 N(0,nh) = N(0,T)

1=1



d . L
where — denotes convergence in distribu-
tion for n — oo, also called weak conver-
gence.

Since we could have used any time interval
[t1,t>] C [0,T] to apply the same procedure,
we have also that:

W (to)=W(t1) -Ls N(O,to—t1), 0<t; <to<T.

To summarize, we have constructed a process
with the following properties:

(B1): W(0) =0,

(B2): W(t) is continuous,

(B3): Increments of W(t) are independent,
that is, if 0 < tg < ... < tpn, then W(tq) —
W(tg),..., W(tn) —W(t,,_1) are independent;
(B4): If 0 <ty <toy,

then: W(to) —W(t1) ~ N(O,to —tq1).

A stochastic process with properties (B1)—
(B4) is called (standard) Brownian motion.




(Standard) Brownian motion turns out to be
equivalent to the following definition of a
Wiener process.

A Wiener process Wy relative to a family of
information sets {Z;} (filtration) is a stochas-
tic process satisfying:

(Wl).’ Wo =20,

(W2): W; is continuous,

(W3): W; is adapted to the filtration {Z;},
(W4): Fors <t, Wy—Wjs is independent of L,
with E(W; — W) = 0 and V(W; — W) =t — s.

Note that although the definition of a Wiener
process makes no explicit statement about
the distribution of its increments Wy — W, we
know that they are normally distributed with
mean 0 and variance t — s from the equiv-
alence of Brownian motion and the Wiener
process. In the following we shall use the
terms Brownian motion and Wiener process
interchangeably.



T he Wiener process W; has the following im-
portant properties:

a) Wy is a martingale w.r.t. filtration {1;},
because by application of (W4) for s < t:
Es(Wy —Ws) =E(W; —Ws) =0
= Es(Wp) = Es(Wy) = W;

b) W; has independent increments by prop-
erty (B3) of Brownian Motion,

o) ewy) "2 Ew; — wi) "EY o

Wi W4
a) viwy) "E0 v w, — wi) Y2 4

e) Law of iterated logarithms:

W,
limsup L =1

t—00 \/Qtln(ln t) -




means that for sufficiently large t:

Wi < \/Qtln(ln t);

f)
Jim Wift =0

(follows from law of iterated logarithms),

g) W2 —t is an I; martingale
(shown in Example 7);

h) Geometric Brownian Motion:
exp{ocW; — (¢2/2)t} is an T; martingale
(Exercise).

i) Generalized Brownian Motion:
ut + oWy ~ N(ut,02t), because:

(E1,E2)

E(ut + W) ut + cE(Wy) 2 ut,

V(ut + cWy) (V2.3) a2\ (Wy) 4) ot



J)

Note that this implies also uAt+oc AWy ~
N(ult,o?At) with AWy = Wiy ap — Wi,
because:

pAt + o AW, = u(t + At) + oWy nr — (ut + oWy)
and

p(t+ At) + oW ~ N(u(t + At), o%(t + At)).

T herefore by independence (B3),(W4):
uAt + o AW, ~ N(u(t 4+ At) — ut, 02 (t + At) — o°t)

Scaling Property of Brownian Motion:
t=at = Wy~ aW;
This may be seen as follows:
Wy~ N(O,t) = Wy_, ~ N(O,at)
But we have also by application of i):
vaW; ~ N(0,at)

T herefore:

Wt’=at i \/aWt



Jump Processes

In constructing Brownian motion from the
random walk we achieved the required pro-
portionality of the innovations variance to the
observation interval h, i.e. V(AW;) = h, by
choosing the increments AW, as continuous
functions of h (AW; = ++v/h) with constant
probabilities p = +1/2.

Choosing AW; as a continuous function of h
was necessary in order to make the sample
paths of W; continuous. That is, in order to
get

PW(t+h) —W(t) >e) =200 ve> 0

we needed AW; — 0 for h — 0.

Brownian motion meets this requirement, since

E(1AW;]) = 5 |VA| + 5 |-VA| = VA,

which is a continuous function of h.



Now, if we don’t insist on price innovations to
be continuous functions of time, we may also
go the opposite way to generate the required
proportionality of innovation variance to the
length of the observation interval by postu-
lating price innovations of fixed size (say 1,
for simplicity), but probability of occurrence
that depends upon the length of the obser-
vation interval. We shall do this below.

The result is a process that allows for dis-
continuities in the sample paths, no matter
how small the length of the observation in-
terval is choosen. Such processes are called
Jump processes.




T he Poisson Process

Merton(1976) suggested to model stock prices
as a combination of a continuous time process
based upon Brownian motion to describe or-
dinary price movements and a jump process
based upon Poisson processes in order to de-
scribe the impact of extraordinary news (rare
events) upon the stock price. We shall now
discuss the jump component of the process.

A stochastic process {Ni}y>q is called a
Poisson process with parameter A
if it has the following properties:

(Pol): Ng =0,

(Po2): Increments of N; are independent,
that is, if 0 <tg < ... <tp, then we have

Nt; — Negy ..y Ny, — Ny, are independent;
(PO3).’ ANt—I—h = Nt—l—h_Nt ~ Poisson()\h) Vt, h,
that is:

(AR)F

Py e_)‘h, kEk=0,1,...




The Poisson process may be regarded as a
counting process with the random variable
N; representing the number of events (price
innovations) that occur during the time in-
terval [0, t].

The Poisson process has the following impor-
tant properties:

a) During a small interval h, at most one
event occurs with probability ~ 1.
To see this, expand P(ANyyp, = k) in a

Taylor series around h = 0 and keep only
up to linear terms in h:

(AR)°

P(AN,y, =0) = e M =eMx1-—Nh

P(ANy, =1) = e M = (AR)e M~ \h

OB i, OB

P(ANin = (k> 1)) = =

0

b) The information up to time t does not
help to predict the occurence of an event
in the next instance; that is we have that



Et(ANt—I-h) = E(ANt+h), because ANt—I—h
is by (Po2) independent of Z;, generated
by the outcomes of Ny — Ng = Ng.

c) Events occur at a constant rate ),
that is: E(ANy4p) = Ah (exercise).

d) E(N;) = E(N; — No) = E(ANg44) = At.

e) V(AN 4p) = Ah, that is, the variance in-
creases proportional to the length of the
observation interval h with rate \ (exercise).

f) V(Ng) = V(Ng — No) = V(ANpyy) = At.

Note that N; is not a martingale, since

Et(Nt—|—u> — Et(Nt —|— ANt—I—u) — Nt —|— AU # Nt.



However, the compensated Poisson process
Jiy .= Ny — At is a martingale, which may be
seen as follows:

Et(Jt-i—u) = E (Nt + ANH—u — A(t+u))
= Nt + Au — At — A\u
= Nt — A\t = J4.

Furthermore, V(J;) = V(Ny) = At.

Thatis, AJyy,, is a martingale difference with
variance proportional to the observation in-
terval h, as we required for reasonable price
innovation processes.



Simulating Price Processes

Recall that we introduced the price innova-
tion AW, as the difference between price change
AS, = S(kh)—S((k—1)h) and its conditional
expectation at time point (k — 1)h, that is:

AWk — ASk_Ek—l(ASk)a k= 1,...,7?,, n — %
Now that we identified the increments of Brown-
ian motion and compensated Poisson processes
as possible candidates for the innovation terms
AWy, we may turn the logic around and sim-
ulate sample paths of the price process S; at

any observation interval h we want, given the
particular model we choose for AW,..

Specifically, if we define a;, as the conditional
expected price change per unit time at time
point t;, = kh, that is:

ay i = By_1(S(kh)—S((k—1)h))/h = E_1(ASy)/h,



we get for the resulting price change ASy,:

Example 8

Suppose we observe a stock price S at monthly
intervals. The current stock price is Sop=100
and we expect it to appreciate within T =12
months to S1o, = 220 without any seasonal

patterns (that isa:=a1=...=a12):
E(Sp) —Sg 220 — 100
a = == = 10.
T 12

Assume furthermore that we expect price in-
novations to be governed by Brownian mo-
tion with an annual variance V(W) = 48.
The monthly variance is then by indepen-
dence of the increments AW; (B3):

1 483
0'2 — V(Wt) = V(WT/]_Q) — EV(W’J”) e E = 4



T herefore, we may simulate sample paths for
the stock price as:

ASk:at—l—O'AWk: 10°t—|—2-AW(1).

In practice this amounts to starting the process
at So = 100 and adding for each month the
expected appreciation a = 10 and 2 times
a N(0,1)-distributed random variable, since
AW (1) ~ N(0,1).

The above approach may be generalized to

ASt = a(S, t) At + o (St, t) AWy,

since we may decide for new expected one-
period-returns and volatilities of the price in-
novations both for each price Sy and at each
time point t.



3. Stochastic Calculus

Motivation

Suppose we want to price a derivative, whose
value F' is related to the stock price Sy through
some relation FF = F(St, t). Then, if we could
apply the standard calculus of deterministic
functions, we would relate instant changes
in the value of the derivative dF' to instant
changes of the stock price dS; and the pas-
sage of time through the total derivative

dF = 8—FdSt -+ 8—th.
0S¢t ot
So we need an infinitesimal version of the
approximation AS; = aAt + c AW, where for
simplicity we have assumed the drift parame-
ter a .= a(St, t) and the diffusion parameter
o = o(Ss,t) to be constants. In a deter-
ministic setup the infinitesimal version of AS;
would be dS; = adt+ o dW;, where dW; would

again be obtained as dW; = %dt.



Differentiation in Stochastic Environments

Unfortunately the requirement for the vari-
ance of the innovation process AW,

V(AWL) = E(AW,?) = 04,2k,

implies that the derivative of W (t) does not
exist, even if it is a continuous Wiener process.

In order to see this, try to take the limit

AW _
lim =t — im W(t+h) W(t).
h—0 h h—0 h

As W (t) is a random process, this requires us
to specify which kind of convergence we are
looking for.

We will take the limit in the sense of mean
square convergence, since it turns out to be
the only limit, with respect to which the in-
tegral of a Wiener process can be defined.



We are thus looking for a process A; satisfy-
ing
AW 2
im E (—t+h —At) =0,
h—0 h

where limy_,q now denotes the usual limit of
deterministic calculus.

Now, since

this requires among others the existence of

c[(amy
n .
But E(AW;11,2) "9 5.2h, such that:
- (AWt+h)2 _ E(AW;32) _ ot2h _ 012 h0
h h2 h2 hoo

So there is no such thing as the derivative of
W<(t), even when W (t) is continuous Brown-
ian motion.



Integration in Stochastic Environments

We are still trying to give a meaning to the
stochastic differential equation (SDE)

dSy = a(St, t)dt + o (St, t)dWh.

So far, it doesn’t look good because we have

just learnt that a derivative % cannot be

defined, impeding our attempt to define dW4.

But recall what total differentials like dS; are
meant for. In the end, we are not interested
in the instantaneous change of a stock price
dS; corresponding to some instantaneous ran-
dom event dW,; after an infinitesimal small
time interval dt. In all practical situations
we Wwill rather be interested in a finite stock
price change AS; due to the accumulation
of random events AW; during the finite time
interval At.

If dW; could be meaningful defined, we would
calculate AS; = S(t) — S(t — At) as

t t
AS; =/ a(Su,u)du—I—/ o ( Sy, u)dWy,.
t—At t— At



We shall see in the following that both in-
tegrals on the right hand side can be mean-
ingfully defined in stochastic environments.
This allows for the meaningful interpretation
of stochastic differential equations as short-
hand notations for the corresponding integral
equations.



Riemann Integrals on Stochstic Processes

Recall the definition of the Riemann integral
in ordinary calculus:

b n
/a f(Ddt = lim_ ; f(r) At

(if the limit exists), where At; = t;—t;_1, a =
to <ty <---<tp=0>and max|t; —t;_1| — O
asn — oo, and finally t;_1 < 1; <t;.

In exactly the same way we can define path-
wise the Riemann integral on the stochastic
process X; as:

b n
I= /a Xedt = lim ;1 X7 AL,

provided the limit exists and E(I)? < oco. This
definition may be used to deal with integrals
of the form
t
/t—At a( Sy, u)du.

Note that the Riemann integral on a stochas-
tic process, unlike the usual Riemann inte-
gral, is a random variable, not a numbetr.



The Ito Integral

We shall now deal with integrals of the form

t
t— At

Recall for that purpose the definition of the
Riemann-Stieltjes integral: Let f and g be
bounded function on [a,b], then with the no-
tations above the Riemann-Stieltjes integral
of f with respect to g is defined as

a n—oo .

[ 1@da(@) = Jim, Y- f()Ag;
1=1

(if the limit exists) with Ag; = g(t;) —g(t;—1),
max |Ag;| -0 asn — oo, and t;_1 < 1; < t;.

Note. If g is differentiable, then

b b
/af(t) dg(t)=/a f(t)d'(t) dt.

Suppose next that f(t) is a stochastic process
and W; the Wiener process. Then the sto-
chastic integral of f(t) w.r.t Wy is a random



variable defined as

b n
I = / f(t) dWi = lim Z fti—1) AWy,
a =1

where AWy, = Wy, — Wy, , and "lim” is the
limit in quadratic mean, i.e.,
2

n
d fti—1)AWy, —I| =0
i=1

lim E

n—oo

Note that this time it makes a difference how
7, in f(r;) is selected from the sub-interval
[t,_1,t;]. Here we have selected 7, = t;_1,
the lower bound, corresponding to the Ito in-
tegral to be defined shortly. Different selec-
tions of t; result in different values of the sto-
chastic integral. For example, the Stratonovich
integral, defined as

Iy = 1im S 2 (7 + F (1)) (Wi, — Wi, )
2 i=1

IS another stochastic integral with values that
are in general different from those of the Ito
integral, as we shall see soon.



We are now in a position to define the Ito
integral as follows:

Consider the stochastic difference equation:

AS, = a(Sy_1,k)h+0(Si_1, k) AWy, k=1,...,n

where AW, = W, —Wj._1 is a Wiener process
with zero mean and variance h and let

1. o(St t) be non-anticipating, that is both
Ii-adapted and independent of all future in-
crements AWy, with t' >t, and

2. o(St,t) be non-explosive, that is:

E < 0.

T 2
/O o (S, 1)2 dt

Then the Ito integral

T
I = /O o (St, t)dW;
is defined as the mean square limit:

n

2
> o(Sk_1,k) AW}, — I} = 0.
k=1

lim E

n—oo




Properties of the Ito Integral

Let L denote the set of Ito integrable sto-
chastic processes, i.e., if f € L then [} f(u) dWy
exists.

(1) Linearity:
If f,g € L then
t t t
[ er@ bW, =a [ faawu+b [ g aw.,
0 0 0
where a,b € IR are constants.

(2) Addidivity with respect to subintervals:

IFO< s <t then

[ iy awa= [ s@yaw+ [ 5o aw,

The following properties of the Ito integral

require use of the fact that E(I, — I)2 "=5° 0

implies F(I,) "=3° F(I) which again implies

E(L,P) "=3° E(IP) for any p=1,2,....



(3) Zero mean: E [ JE f(w) qu] = 0.

To see this, recall that independence of f(u)

from all future increments AW, -, implies:

E[f(ti—l)(Wti - Wti—l)] =E [f(tl—l)] E [(Wtz - Wti—l)] = 0.
for all partitions 0 =tg <t1 < --- <tp =1.

T herefore,

E [Z f (i) (Wy, — Wt“)] =Y ElfG-)IE[(We—We )] =0,
i=1 1=1

Now, by definition of the Ito integral:

n—oo

lim E (In _ /Otf(u) qu)Q —0

n
with In = Y f(ti—1)(Wy, — Wy, ;)
i=1
and we have just shown that E(I,) = 0 Vn
implying that limy,_scc E(I) = O.

T herefore:

E [/Otf(u) qu] = lim_E(In) = 0.



(4) Variance: V | [§ f(u) dWu| = [§ E[f (u)?]du.

Denote f; = f(t;). Then

n n 2
VDY (W - thl)] =E [Z Fir(Wh, — thl)]

= Z E [fi—l(Wti - Wtifl)]Q

i=1
+2 Z Z E [fi_lfj—l(wti - Wtifl)(Wtj - Wtjfl)}
i=1 j=i+1
b Z E[_fzz_l]E [(Wti - Wti—l)Q]
=1
n—1
+22 Z E[fi-1fi-1(Wy, — W, )] E [(Wt Wi, 1)}
i=1 j=i+1

- Z E [fi1]?E [(Wh - Wi )] = Z E [fi-1]” At
=1

Thus, by definition of the Riemann integral

v [ fwam| =5 [( [ 5 dwu)2]

= Jim Eln(t)%] = lim_ Z E[f(ti-1)]At;

n—oo

t
_ 2
—/O E[f(uw)] du.



(5) Covariance: Using the same approach as
above, we can show (exercise):

Cov ( /O ' w) AW, /0 o) qu)
([ ([ )

- /O ELf (w)g(w)]du

(6) b f(u)dW, is a martingale.

This is seen as follows:

t+ At 2) t t+ At
’ : Ot t t+ At
= E / f(u) qu] + B [/ f(u) qu]
| J O t
/ f(u) dW,
0

because [§ f(u) dWy, is T;-measurable, and by
independence (of the increments of W;) and

property (3)
[ pw qu] —E [ [ pw dwu] —0
t t

By




"Magnitudes” of dt and dW;

From the Riemann integral we find that

t
/duzt
0]

Consider next the "integral”

[ (awy?

Using an analogy with the definition of the
Riemann integral, let 0 = tg <t1 < ---tphp, =t
be a partition of the interval [0, t] such that
t; —t;_1 =1t/n. Then

[@? = Jim > (-t 1)

||
S
E
e
N
N
N

= 0.
T hese results suggest that for the infinitesi-
mal increment dt it is reasonable set (dt)? =
0. In fact for any a > 1, using the above
integral approach, we have (dt)® = 0.



et us next consider dW;.

By definition of the Ito integral

t
/O AWy = Wi,

which suggests that dW3; is a random variable.

From the properties (3) and (4), we can de-
duce E[dW;] = 0 and

vV Uotqu] — VW] =t = /Otdu,

which suggests that V[dW;] = dt.

Finally, because the increments of the Wiener
process are normally distributed, we can (sym-
bolically) denote

dW; ~ N (0, dt).

I.e., dWy can be considered as a normally dis-
tributed random variable with mean zero and
variance dt (standard deviation +/dt).



Consider next (dW;)2. Above we observed
that (dt)? = 0.

Interpreting (dW;)? through the Ito integral,
consider again

n

() = Y (W, — Wy,_)2.
1=1

The expected value of I,(t) ist. It is a good
candidate for the Ito integral. The quadratic
mean becomes

E [In(t) —t]> = E[In(t)]2 — 2tE[In(t)] + t2
= E[In(¥)]? -t
because E[In(t)] = S0 { E(W;, — Wy, )2 =
=1 (i —ti—1) =¢.

Now (assume again that t; —t,_1 =t/n)

n 2
E[I.()]? = E[Z(Wti—vvm)?]



Now, using E(X*%) = 30% for any X ~ N(0,02)
and the properties of the Wiener process:

n
EllL(®)]? = Y 30t —t;_1)°
i=1
n—1 n
+2 >, > Gi—tim)(t —tj-1)
i=1 j=i+1
t\2 — 1) /t\?
= an(y) +2" 2 ()
n 2 n
— 3t2 n — 11;2
mn mn
Thus in all

2 t2 n—1 2 2
E[l,(t)—t] = 3—+ t“—t< — 0, as n — oo,
n n

i.e.,

/Ot(qu)2 — ¢ = /Ot du.

Thus we have an important additional result:

(dW)? = dt.



How about dtdW;7

Using again the integral approach, consider

n n
Z AtzAth = Z (t’L - t’i—l)(Wti — Wti_l)'
The increments AW, are independent, so

- 2
E (Z Atz'Ath>

1=1

n n—1 n
—E (Z AtPAWP+2) > At,-AtjAthAWt])

=1 1=1 j=i+1
n—1 n

=) AtPE(AW,A) +2) ) ALALE(AW,)E(AW)
i=1 i=1 j=i+1

& A=

— 3 — _ —

_;Atl —Z(n) —n2—>0 as n — oo.
1=

=1

T hus we can state

t
/O du dW, = O.

so that we get

dt dWy = 0.



We summarize our results in the following
multiplication table for infinitesimal increments:

X dt dW}
dt | dtdt =20 dt dWy = 0
dWyi | dWidt = 0 dWi dWy = dt

Note that (dW;)? is not the same as dW7£!
As a matter of fact, we have not even yet
defined the meaning of dW7?. Returning to
our original goal of relating changes in asset
prices to increments of Brownian motion by
means of stochastic differential equations a
meaningful interpretation of df (W) may be
found by means of the stochastic integral
equation

¢ ot df
/Odf<wu>— T

So in order to find [§dW,? we need to calcu-
late

t dWo,2
0 dWy

dWhy.

t t
AW, = /O W, AW, = 2/0 W, dW,,.



In evaluating IT(LO) =y Wy Wy, — W, 1)
we use the following trick:

1 1
Wti_l — 5(VVtZ + Wti_l) — E(Wtz - Wti_l)a

(Wi, + Wi, ) (We, — Way_ ) = Wi, 2 — Wy, |2,
Therefore, using tn, =t and Wy, = Wy = 0:

n 1 n . , 1 n ,
Z Wtifl(Wti - Wtifl) — 5 Z(th - Wtifl) o 5 Z(Wtz - Wtifl)

=1

1

1 n

_ _”72 - E We — W, 2

- 2 t > ( t; ti—l) .
=1

When discussing the meaning of (dW;)?, we
had found that the sum on the right hand
side converges in mean square tot. Thus:

t 1
Io(t) := /O WadWs = Z(WZ —1).

Note: This is not an application of a relation
similar to deterministic calculus

(Wrong!) Iim(X4+Y)=Ilm(X)+Iim(Y),

where "lim” denotes the limit in quadratic
mean, because in general, this identity does
not hold for convergence in quadratic mean!




Instead, we deduce mean square convergence

of I7g0) to Ino(t) from mean square conver-
gence of X, = S0 (Wi, — Wy, )% to t as
follows:

E (1(W2 — X,) — 1(W2 — t)>2 = (—1)2 E(X,—t)?"=30
PR ot S\ 2 " ‘

Similarly, if we select the end points Wy, of
the subintervals, we get (exercise):

n 1
I1(t) == 1im Y Wy, (W, =W, ) = 5(VV,?H).
1=1

Recall that Iy is a martingale whereas I iIs
not, none of which equals the integral func-
tion in deterministic calculus [z dz = 5z°.

The Stratonovich integral is

1
I%(t) = |im Z E(Wti + Wtzél)(Wti _ Wtifl)
i=1

. 1. $ 2 2 _1 2_1
= 5 lim ;(Wti - Wi, =W, = 5L+ Io).

i.e., the same as the Riemann integral.



Ito’s Lemma

L et us return to our original goal to relate the
instantaneous change in the price of some
derivative F' = F'(St, t) to instant changes in
the price Sy of the underlying asset, whose in-
crements at discrete observation intervals are
given by the stochastic difference equation:

ASkzakh+0kAWk, k=1,...,n;

where we have written AS, = St — St 4,
ap = a(St,_1,tg), o = o(Sk_1,tk), AW} =
Wi, — Wy, _,, and we have partitioned the ob-
servation interval [0,T] of S; as before into
O=tog<t1 < - <tp =T with

T

h:tk—tk_]_:—, k=1,...,n.
n

We have meanwhile learnt that the only mean
ingful interpretation of the infinitesimal ver-
sion of ASy: dSy = a(St,t) dt + o (S, t) dWy,
(called Ito process) is to take it as a short-
hand notation for the integral equation

t t t




OQur goal is to relate dF (S, t) to dS;.

The standard approach of using the total
derivative dF = FsdSy + Fydt with Fs and F;
denoting the partial derivatives

. OF(St,t) mn— OF (S, t)
— O a8s, YT T ot

does not work in stochastic environments as
such, but needs to be modified as follows.

Fs

Consider the Taylor series expansion to sec-
ond order of an infinitely differentiable func-
tion f :x — IR around xg € IR:

1
f(z) = f(zo) + f'(z0)(z — z0) + Ef”(fb'o)(flf —x0)? + R,

where the remainder R does not exceed the
last explicitely calculated addend of the sum
(here: |R| < |5f"(z0)(z — z0)?]).

In our case of two variables the Taylor ex-
pansion to second order is:

F(Stka tk) — F(Stk,la tk—l) + FSASk + Fth + %Fss (Ask)z

+5Fuh® + Fah ASy + R.



With AF;, = F(Stkatk) — F(Stk_]_7tk—1)’ we
get by subtracting F(Sy,_,,t;_1) on both sides:

AF, = FsAS,+ Fh+ 3Fss (ASy)?

+5F h? + Fs h ASy + R.

Asn — oo, h = tp—tp_1 — dt, AS, — dSi, and
AF, — dF', and R — O because it consists of
terms (At)™ and (AW)™ with m > 3. So
we get

dF (Sp,t) = FsdS;+ Fydt + 5Fss (dSt)?

+%Ftt (dt)? + Fsp dt dS;.

Using (dt)? = dtdW; = 0 and (dW;)?2 = dt
from the calculation rules for differentials, we
obtain:
(dS))? = (a(S, t) dt + o (S, t) dW;)?

— GQ(St, t)(dt)2 —|— QCL(St, t)O'(St, t)dt th —|— 0'2(315, t)(th)Q
o2 (S, t) dt.



Similarly we obtain:

dt d.Sy dt (a(St, t)dt + o (S, t) dWy)

= a(St)(dt)? + o (S, t) dt dWy
= 0.
After inserting these expressions for (dSt)2

and dtdS; we get:

1
dF = FsdS; + F,dt + 514’8302(&, t) dt

Replacing dS; with its Ito representation yields

dF (S, t) = Fsla(St, t)dt + o(St, t)dWy]

+Fydt + 5Fss02(St,t) dt,

which yields Ito’s differential equation:

1
dF = Ft —|— CL(St, t)Fs —I— 50'2(St, t)Fss dt —|— O'(St, t) th

T he result is summarized as Ito’s Lemma:



Ito’'s Lemma: Let F (S, t) be a twice differen-
tiable function oft and of the random process
Sy with Ito differential equation

dSt = ardt + oy dWys, t >0,

with a; = a(St,t) and o = (S, t) continu-
ously twice-differentiable (real valued) func-
tions. Then

1
dF = FsdS; + F,dt + EFSSJE dt,

or, after substituting for the right hand side
of dS; above

1
dF = (FS ar + Fy + EFSSOQ) dt + Fsop dWy,

where

OF OF 0°F
=2 Fy="—, and Fss = —.
0S, ' ot T 082

Fs
The major usage of the Ito formula in fi-
nance is to find the (Ito) stochastic differ-
ential equation (SDE) for the financial deriv-
ative once the (Ito) SDE of the underlying
asset is given.



Example 9

Let F(Wy,t) = WZ.

We may use dF = FsdS; + F;dt + 5Fssof dt
with a; = 0 and oy = 1, such that S; = Wh4.
T herefore:

1
AF (Wi, t) = FydWi + Fydt + = Fu dt

Now:
Fp = OW? /W = 2W
Fy = 8W?/8t =0
wwW — (92F/(9W2 = 2
T herefore:

dE' (Wi, t) = 2We dWy + dt.

Thus the drift parameter of F is a(F,t) = 1
and the diffusion parameter is o(F,t) = 2W4,.



Example 10.

F(Wi,t) =3+ t4+ M.
= dF(Wy,t) = Fidt+ FydW; + 2Fy dt

= dt+ eV dW, + 2e d
= (14 2e™) dt + eV dWs.

Example 11. Consider geometric Brownian motion

S, = Soe{(u—§02)t+0 Wt},
where Sy is a constant. Using Ito with oc(Wy,t) = 1:

dSy = S dWi+ Grdt + 350k dt

— Soo-e{(,u—%a?)t—l-a W, } dW; _I_ ('u . %0‘2)50@(“_%‘72)t+0m dt
+102 Soelh—307)t+o Wi gy

= SiodWi+ (p—202)Sidt + 2025, dt

— St(,u dt —|— O'th),
or
d
450 _ | dt + odW,
St
or

dSt — ,LLStdt —I— O'Stth.

Comparing to the general form dS; = a(S:, t)dt+o (S, t)dW;
we find that a(S’t,t) = MSt; and O'(St,t) = o0 5;.



Ito’s formula as an integration tool

Suppose our task is to evaluate

t
/O W, dW,.

Make a guess

1
F(Wt,t} — EWtQ'

Then using Ito

1
dFE (W, t) = Wi dWy + 5 dt.

The integral form is

1 t t 1 t
—szF(Wt,t):/ dF(WS,s):/ WSdWS—I——/ ds.
2 0 0 2 Jo
So
1

/thW—lWQ ¢
o °STUTE T ot o7

The start off point here is to make a “good
guess’ .



Example 12 (Integration by parts)

Consider the Ito integral

t
/ sdWs.
0

Make a start off guess

F(Wy, t) = tWs.

T hen

dF (W, t) = Wi dt + t dW,

and

t t t
tWtzfodF(Ws,s):/O Wsds+/o s dWs.

So

t t
/destht—/ W, ds.
0 0]



Example 13 (Geometric Brownian motion)

Consider
dSt dSt § 2
— = pudt dW, = | —=— ) =o°dt].
S, pdt + o t ( (St) o )
Let
F(St,t) = In S;.
Then
dF(Si,t) = Fidt+ F.dS; + 3F.(dS:)?
= 1dsi—1L(as)
= pdt+odW, — 102 dt
= (p—202)dt + o dWs.
We get
INS; —InSyg = fng(SU7u)

= [i(u—LtcDdu+ [JodW,

= (p—3202)t+ oW
So adding In Sg on both sides and taking the
exponential yields:

S, = Soe(/i—%UQ)t‘FUWt.



Integral form of Itos Lemma

Consider again Itos formula:
1
dF = FsdS; + Fy dt + EFSSJE dt.
We know that this is shorthand notation for
the integral equation:
t
|| dF(Su,u) = F(St,t) = F(S0,0)

t t 1
= [ Fedsu+ | [Fu(su,u)+§FSS(Su7u)0'5 du

Rearranging terms in this integral form yields:

/Othdsu = [F(Si,t) — F(Sp,0)]

t 1
_/O [Fu(suau) +§FSS(SU>U)05 du,

which represents the stochastic integral | FsdS
as a function of integrals with respect to
time.



Multivariate Ito formula

Consider a 2x1 vector of stochastic processes
obeying the following SDE:

dS1(t) \ _ [ ai(t) dt+ o11(t) o12(t) dWi(t)
dS2(t) )\ a2(t) o21(t) o22(t) dWa(t)

or.
dS1(t) = a1(t)dt + o11(t) dWi(t) + o12(t) dWa(t)
dS>(t) = a2(t)dt + o21(t) dWi(t) + o22(t) dWa(t),

where it is assumed that the Wiener processes
W1 (t) and W»(t) are independent.

Suppose F(S1(t),S>(t),t) is a twice differen-
tiable real valued function.

Using Taylor expansion and taking limit in the
same manner as in the univariate case yields

(with (dt)? =0, dtdS1 =0, and dtdS, = 0)
dFF = Fydt+ Fs dS1+ Fs, dS>

+% [Fsl,sl(dsl)Q + FSQ,SQ(dSQ)Q + 2Fsl,32dS1dSQ] .



T he independence of W1 and Wo implies that
dW,dW-> = 0 (exercise).

T herefore
(dS1)? = 011 AW1(t)*+075 dWo(t)* = (071 +010) dt,

(dS2)? = o751 dW1(t)°+05, dWa(t)* = (51 +0%,) dt,

and

o11021 AW1(£)? 4+ 010000 dWo(t)?
(011021 + 012022)dkt.

dS1 dSo

Using these in the multivariate Ito formula

dF = F,dt+ Fs, dS1 + Fs, dS>

+% [Fsl,sl(dsl)z _|' Fsg,sg(d32)2 + 2Fsl,32dsld52] .

gives dF' as a function of dWy1 and dW>.



Example 14

Consider interest rate derivatives. Assume
that the yield curve depends on two state
variables, a short rate r;, and a long rate
R;. Denote the price of the derivative as
F(ry, R, t). Assume

dri = a1(t) dt+o011(t) dW1(t) +o12(t) dWa (1),

and

dRt = ax(t) dt +o21(t) dW1(t) + 0o22(t)dWo(t).

Straightforward application of the Ito formula gives
dF = Fydt + F, dr; + FrdR,

+1 [Frr(o'%l + 0%,) + Frr(o3; + 03,) + 2F,r(011021 + 012022)} dt,

Note that shocks to the short and the long rate are

correlated in this model, because:

Cov(dr:, dR:) = Cov(o11dW1 + o120dW>, 021dW1 4+ o00dW5)
= E[(011dW1 + 012dW2) (021dW1 + 022dW2)]
= 011021E(dW1)? + 012022E(dW>2)?

[o11(t)o21(t) + o12(t)022(1)] dt.



4. Pricing Derivatives with PDE'’s

Partial Differential Equations

We shall in the following sketch the line of
thoughts that led to the invention of the
well known Black-Scholes option pricing for-
mula. In the preceeding chapter we have
learnt that we may use Itos lemma in order
to transform the stochastic differential equa-
tion (SDE) for the underlying assets price St
into another SDE for the price of the corre-
sponding derivative contract F;(St, t), where
in both SDE’s randomness enters through
the same Wiener process Wy. We may then
construct a replicating portfolio (which is in
mathematical terms just a linear combina-
tion of the two SDE’s), in order to elimi-
nate all randomness in the value of the repli-
cating portfolio, which should then yield the
return of a riskfree investment by the no-
arbitrage assumption. Mathematically this
corresponds to reducing the SDE into a non-
stochstic partial differential differential equa-
tion, PDE for short.




So our strategy in pricing F; follows the fol-
lowing scheme:

Ito noarbitrage

SDE for Sy — SDE for F; — PDE for F}

The PDE for F; is then solved by using the
boundary conditions of the derivative con-
tract, which impose certain values upon F; at
specific timepoints t (for example expiration
date T ) and/or specific prices S (for example
strike price or exercise price X ).

Example 15

Boundary conditions for a call option with
exercise price X

F(ST, T) = max(ST — X, O).

Generally F(St, t) is unknown.

Other examples for boundary conditions are:

St, Ft 20 V0O<t<T, F(Sat):G(SaT)a

where G could be any known function.



Construction of risk-free portfolios

We consider now the reduction of two sto-
chastic differential equations (SDE’s) for the
underlyings price S; and the derivative price
Fy into a non-stochastic partial differential
equation for F3.

Construct a portfolio P with 61 units invested
in F' and 6> units invested in S:

Py = 01F(St,t) + 025;.

Following Itos lemma it evolves as:
oOP OP oP

dP = —dt+ —dF +=4dS
ot T OF T oS
10%P 10%P d92P
= (dF)? 4+ Z=—(dS)? dF dS
+26F2( ) +2652( ) +6F85

Next we assume (erroneously) that 61 and
6> are constants, that is, both independent
of t and S;. Such an assumption holds only
over infinitesimal time intervals, which makes
everything what follows only approximate.



If we nevertheless assume 61 and 60, to be
constants, then all partial derivatives above
equal zero, except:
aP
5=

P

0 and — = 92.
1 dS
SO

dP = 61dF + 0-dS.

Now let S; follow an Ito process:

dS = a(St, t) dt + o (S, t)dWr,

then using Itos lemma:

1
dF = (F; + 5a,?FSS)dt + F.dS,
and dP = 01 dF 4+ 0>dS becomes

1
dP = 01(F; + 07 Fys) dt + (61F5 + 62)dS.

Note that we can eliminate the term propor-
tional to dS, by making the following special
choice for the porftolio weights 61 and 0-.
Set:



Then:
1

that is, the hedge portfolio P = F — FsS is
risk-free! But in an arbitrage-free market a

riskless investment should earn the riskfree
interest rate (henceforth denoted as r), that
is, under continuous compounding:

P, = Pyexp(rt),

the total differential of which is (standard
calculus applies!):

P
dP = Edt = rPye’tdt = rPdt.

Equating the formulas for dP we get
rPdt = (F + %GEFSS) dt,
implying:
rP=F, + %O'tsts,
or, after inserting P = F — FsS:

1
T(F — Fss) — Ft _|_ EO-tQFss.



Arranging the terms gives a standard partial
differential equation:

1
—TF+TFSS+Ft+§at?FSS =0

to be solved. The solution depends on the
diffusion term o .= o(St,t) of the Ito process
St and on the boundary conditions. Note for
later reference, that the solution does not
depend upon the drift term a(S¢, t) of the Ito
process dS = a(St, t)dt + o (S, t)dWs.

For example, geometric Brownian motion with
the boundary conditions of the European op-
tion leads to the Black-Scholes formula. But
American options have different solutions, for
which no closed form is known (unless it is
an American call for which the boundary con-
ditions coincide with those of the European
option, because early exercise is suboptimal).



Example 16 Black-Scholes call option formula

Assume the boundary condition of an Euro-
pean call option with strike price X, that is:

F(STaT) — max(ST — X, O)a

and geometric Brownian motion (GBM):

dSt = uStdt + oS dWh.

This implies

a(St, t) = uSy and oy := o(St,t) = oSy,

such that we need to solve the so called
Black-Scholes PDE,

1
—rF+rF,S+ F+ 5(;QFSSS2 =0,
which we obtain by inserting oy = oSt into
1
—rF4+rFsS+F+ EJEFSS = 0.

(note once again that we did not need to
make use of our knowledge about the drift
term, that is, a(St,t) = uSt.)



The Black-Scholes PDE
1
—rF4+rF,S+F + 5aQFSSs2 =0

is solved by the famous Black-Scholes call
option formula (exercise):

F(St,t) = S¢N(d1) — Xe " N(dz),

where
. _ 109(St/X) + (r + 302)T
1 — 0\/; )
_ 1.2
G0 Gl L
o\/T
N(di)—\/_/ e 3% da

are the values of the standard normal cdf at
d;, 1+ = 1,2, and = = T —t is the time to
maturity.



Furthermore, it satisfies the relevant bound-
ary condition F(Sp,T) = max(St — X,0), as
may be seen by considering the limiting be-
haviour of F; ast™— 0, for S > X and § < X
seperately is follows:

S> X dy, do =)

= N(dy), N(dp) ™9 1

= F(S;,t) =9 Sp— X,
S<X: dy, do =Y _w

— N(dy), N(dp) ™9 0

— F(S,t) ™= o,

which may be summarized as:

F(Sp,T) = max(St — X,0).

Note that the Black-Scholes formula holds
only for this particular boundary condition
(with a similar formular for the corresponding
put option with a boundary condition of the
form F(S7,T) = max(X — Sp,0)). In general
it is not possible to find analytical expressions
for the solutions of the Black-Scholes PDE
under arbitrary boundary conditions.



T he role of dividends

If S; pays constant dividends § per time unit,
then the return of the hedge portfolio P =
F — FsS entails price appreciation of both
the stock and dividends, which by the no-
arbitrage assumption has to equal the risk-
free rate times portfolio value. That is, the
return of the hedge portfolio is

dP + 6 dt = rPdt
and the PDE becomes

1
—rF+rF,S+6+ F + EFSSUQ = 0.

Thus the constant dividends cause no extra
problems. However, if dividends follow a ran-
dom process themselves, then the PDE ap-
proach does not work in the general case,
unless one assumes dividends and stock price
to follow the same random process, because
a linear combination of two SDE’'s cannot
eliminate more than one random process.



Exotic Options

There are lots of different kinds of options,
like lookback options, Asian, Knock-In, Knock-
out, ladder, multiasset, etc.

In each of these the PDE is basically the
same, but boundary conditions change, which
lead to different solutions of the PDE. For
example:

Floating lookback: The payoff is St — Smin, If positive,
where Smin = MiNyco { St}

Fixed lookback: The payoff is Smax — X, If positive,
where Smax = MaXyco{St} and X is the strike price.

Ladder options: Several thresholds, such that if the
underlying price reaches these thresholds, the return
of the option is "locked in".

Trigger options: option comes into life first after the
underlyings price has crossed a certain threshold.

Knock-out Options: Option expires as soon as the
underlyings price has crossed a certain threshold.

Asian options: The payoff depends upon the average
price of the underlying asset.



Solving PDE’s in practice

Consider again the PDE in the framework of
Black-Scholes (S; is assumed to be geometric
Brownian motion):

1
F,+rF.S+ EFSSO'QSQ —rF, S>>0, 0<t<T.

Closed form solutions, like the B-S call price,
cannot often be found, or the solution is dif-
ficult.

Numerical solutions give values for F(S,t) for
(discrete) combinations (S;,t;) of the stock
price S and time variable t.

Finite difference methods approximate the rel-
evant PDE by a set of difference equations
and solve these equations iteratively from the
boundary conditions.




Finite Difference Methods

To solve the PDE numerically, one approx-
imates the PDE with finite increments AS
and At. Partitions for the range of S and t
are needed:

Select grid size for AS and At.
Select an appropriate range for S, Smin < S < Smax.
Determine the boundary conditions.

A Wb

Determine the value of F'(S,t) at the grid points.

Suppose that the life of the option isI'. Di-
vide it into n subintervals At = T /n. In the
same manner divide the “reasonable” range
of the stock price into m subintervals AS =
Smax/m. Then we have a grid (t;,S;) where
t; = jAt and S; = 1AS, i = 0,1,...,m,
7=1,...,n, i.e., time is running as

0,At,2At,...,(n—1)AL,T
and S as

O, AS, QAS, c e ey (m — 1)AS, Smax.



The Implicit Finite Difference Method

The idea is to replace the partial derivatives
in the relevant PDE with their discrete ap-
proximations at points F;; = F(Si,tj). For
the first order partial derivatives the choices
are

Backward difference:
OF _Fj— Fi_1;
8s ~  AS
Forward difference:
OF  Fit1j— Fij
8s = AS
Central difference:
OF  Fig1,;— Fi1
s~ 2AS
which is the average of the previous two.

T he second derivative is approximated by

O°F [Fiy1;—Fyj Fj;—-F_14] 1
952 AS AS AS
_ g 20
B (AS)? |




In the imlicite finite difference method we use
the forward difference for OF /0t and the cen-
tral difference for OF/0S. Inserting these into
the Black-Scholes PDE

1
Ft _l_ T'Fss + 502F33S2 =rF

with S; = 1AS we arrive at

Fijri=Fij o i glittitii

At 2AS
1 2. oFiy1 =28 j+Fi-1;
—|—§0' (’l AS) : : (AS)2 — ’I“Fz',j

fori.=1,2,....m—1and y=0,1,...,n— 1.
Rearranging terms and noting that the AS
terms cancel out, we get

aibi 1+ biF; 5+ i1 = Fij4+1
where

a; = %z <7“ — i02> At,
by = 1+ ('r + z’202) At,
c; = —%z’ (r -+ i02> At.

This relates F' for any gridpoint to its value
at the same and the two neighbouring stock-
prices from the preceeding timepoint.



To illustrate the method consider an Ameri-
can put on a non-dividend paying stock.

The value of the put at time T (= tn) is
max(K — Sp,0), where St is the stock price
at time T and K is the strike price. Thus

(T) F;p,=FGAS, ty) = max(K —1AS,0),
1=20,1,...,m.

The value of the put for S =0 is K. So

(0) Fo;j=K, j=0,1,...,n

When the stock price goes to infinity, the
value of the put approaches zero. Thus we
approximate

(max) Fpn;=0, j7j=0,1,...,n.

Equations (0), (max) and (T) define the val-
ues of the put option along the three edges
S =0, S = Smax, and t = T of the grid
(ti,Sj), 1=0,1,...,m, 7=0,1,...,n.



To fill the remaining nodes of the grid, we
start from the points T'— At with 3 =n — 1,
where the difference equations for the price
F' of the derivative read

aib; 1p-1+bFn 1+ cF41n-1=Fn
for. =1,2,...,m — 1. The right-hand sides

of these are known from the boundary condi-
tions (T). Furthermore, from (0) and (max):

FO,n—l = K

Foyn-1 = 0.
So we end up with m — 1 simultaneous equa-
tions with m — 1 unknowns:

Fin1,F2n1,---sFm—1n-1-

Given the solutions for F;,_1, if F;p_1 <
K —1AS, then early exercise at time T — At
is optimal and F;,,_1 is set equal to K —iAS.
The nodes with T' —1At, 1 = 2,3,...,m, are
handled in a similar way, eventually giving
Fo.1,Fo2,---,Fon—1, ONne of which is the op-
tion price of interest.



The relationship of the neighboring option
prices in the implicit method is

FH—l,j\
F; = Fin

Fi_1;

Figure. Relationship of the derivative price at time t + At to

three values of derivative at time ¢t in the implicit method.

Thus in the implicit method the value at time
t depends directly on its two neighbors, and
hence indirectly (implicitly) on all option val-
ues at that time step.

The advantages of the implicit method are
that it is robust, and it always converges to
the solution of the differential equation as
AS and At approach to zero. The disad-
vantage is that it is pretty tedious to pro-
gram, because m — 1 simultaneous equations
need to be solved. A considerable simplifica-
tion is reached in the explicit finite difference
method, which relates F' to its value at the
same and the two neighbouring stockprices
at the following time point.



Explicit Finite Difference Method

To simplify the calculations of the implicit

method, let us assume additionally that the

OF/0S and 0%F/0S? are the same at grid

points (4,7) and (7,5 4+ 1), such that we may
replace our earlier approximations

OF Fiy1,—Fi1;

88 "~ 2AS
82F  Fipq1j—2F;j+ Fi_1

and

082 (AS)2
by
OF - Fiv1 41— Fic1,j+1 And
0S 2AS
O°F  Fip1j41—2F; j11+ Fi_1 41
052 (AS)2 ‘

Inserting these into the Black-Scholes PDE

1
Ft + TFss —I_ EO'QFSSsQ =rF



we get in a similar manner as for the implicit
finite difference method:

Fij=aiFi 1541+ b Fj01+ i Fip 4
with

At |
= _2(1Z—|—7°At) (r = %)
br = 1+1At (1 - 0% At)

At |
= 2(1Z-|-7~At) (r+ %)

Example 17. Consider an American put op-
tion with T = 1/3 years, i.e., 4 months,
K=21r=10% p.a., and

dSt = uSy dt + oSy dW4
where ¢ = 30% p.a. Then we know

F(ST, T) = max(21 — ST, O)

F(St, t) — 0 as Sy gets large.
and
F(0,t) =21

for all t.



4. Equivalent Martingale Measures

Motivation

Recall from the discrete one-period model
that an arbitrage-free market ensures the ex-
istence of a risk-neutral probability measure
Q(w), that is a function Q : Q2 — IR with

Qw)>0Vwe, ¥ Q) =1, EYAS*) =0,
we?

where AS* denotes the discounted price dif-

ference S(t1)/(1+ 1) — S(to), and EQ(-) de-

notes the expectation operator with the true

probabilities P(w) replaced by the risk-neutral

probabilities Q(w).

This led to the risk-neutral valuation principle,
which we could use to price any attainable
contingent claim X as the expected value of
the riskfree discounted payoff X*, where the
expectation had to be taken again with re-
spect to the risk-neutral probability measure
Q, that is: Xo = E9(X™).




Probability Measures

In order to extend the risk-neutral valuation
principle into the multiperiod framework with
continuous time and continuous prices, let us
first take a closer look at probability mea-
sures of continuous random variables.

As an illustration consider the probability den-
sity f(z) of a standard normal distribution,

f(z) = \/1276_%22.

Then the probability of finding the random
variable Z near a specific value z is

1 1 +3A 1,
Plz—=-A<Z<z4+=A =/ e 2* dz.
( 2 2 ) zin V2T

which is a real number (between zero and
one). Thus the probability associates a real
number (in this case between zero and one)
to intervals on real line, or more generally to
(Borel) sets. Such functions are called mea-
sures in mathematics or measure functions.




Because A is small

-1 -1
/Z+§A . e 27 dzr . o2 z+§Adz
T30 /27 V27 A TA
1 1-2
— e 27
V2T

For infinitesimal A, denoted as dz we denote
the associated measure by dP(z) or simply
dP. Thus in the above case, we have

1 1

1 1.2

= e 27 dz
2T
Generally, if P is a probability measure, we
have
o0
/ dP = 1.
— 00

With these notations, e.qg.,
@)
E[X] =/ z dP(z).
—00
So the expected value is mathematically an
integral with respect to probability measure.



The Fundamental Theorem of Asset Pricing

We consider next the generalization of the
risk neutral valuation principle to continuous
random variables in continuous time.

A probability measure P is called a martingale
measure for the discounted price process Sy =
e~ TS, if S; is a martingale under P, that is:

Ef[e_r(t—l_u)st] = e "S;, whenever u > 0

where r is the riskfree rate, and Ef indicates
that the expectation is taken with respect to
probability measure P.

The fundamental theorem of asset pricing es-
tablishes then the equivalence of the absence
of arbitrage opportunities and the existence
of a martingale measure for the discounted
price process, just like the existence of a risk-
neutral probability measure was equivalent to
the absence of arbitrage opportunities in the
discrete one-period model.




The absence of arbitrage opportunities under
presence of a martingale measure P for the
discounted price process S; leads then to the
risk-neutral valuation principle in very much
the same way as in the discrete one-period
model, that is:

Xy=Ef [e7"Xy| with r=T—t

is the arbitrage-free price at time t of any
random payoff X at expiration date T'.

Thus a martingale measure can be viewed as
a representation of the market’s current opin-
ion on the evolution of values of underlying
assets and the prices of all derivatives con-
tingent to them. Consequently the knowl-
edge of the martingale measure is all that is
needed, in principle, to value whatever deriv-
ative securities.

Then given a stock price process S; with
probability measure P the goal is to find the
martingale measure P.



The Radon-Nikodym Derivative

Before considering how to change the prob-
ability measure of a stochastic process (in
order to transform it into a martingale and
apply the risk-neutral valuation principle), let
us first figure out how to transform probabil-
ity measures of continuous random variables.

As an example, consider again a N(0,1) dis-
tributed random variable Z with probability
measure
1 1.2
e 2% dz,
V2

and define a transformation function

£(z) = ez'“_%'uQ.

dP(z) =

Then dP(z2) = £(2)dP(2) is again a probabil-
ity measure, because:
1 1.2 1,2 1 1 2
e 2 TN gy = e 3(z—1) dz,
V2T \V 2T

which is the probability measure of a N(u, 1)
distributed random variable.

dP(2) =



Furthermore, we can recover the original prob-
ability measure dP(z) by multiplying dP(z) by

1 —z,u—|—l,u2.
O

ng((;) B \/12_ —522Fan—51? g, o=t 5H
< T
L 374, = dP(2)
— (& Z = 2
V2T

So we have just shown, that there exists a
function £(z), such that if we multiply the
probability measure of a standard normal ran-
dom variable with it, we obtain a nhew prob-
ability. The transformed random variable is
again normal but has a different mean, and
the transformation is reversible.

Before stating the general condition, under
which such a transformation can be made,
let us first introduce some notation. For that
purpose, recall that by the fundamental the-
orem of calculus:
F(z) = /z f(x)de = dF(z)
a

dz

= f(2).



We app/yjhis to the transformed probability
measure P:

P(z) = / ;dP(m)z / ;g(w)dP(m) =

dP(z)
dP(z)

= £(2).

This justifies calling the transformation func-
tion ¢ a derivative of P with respect to P. In
mathematical measure theory this is known
as the Radon-Nikodym derivative. Similarly,
we may express the inverse transformation as

~

the derivative of P with respect to P:
dP(z) 1
dP(z) &(z)

Obviously, in order to find a transformation
from P to P and vice versa we need:

P(dz) > 0 if and only if P(dz) >0

(because otherwise we would have to divide
by zero in at least one transformation).



The Radon-Nikodym Theorem states that the
condition

P(dz) > 0 if and only if P(dz) > 0

iIs not only necessary but also sufficient to
grant the existence of the Radon-Nikodym
derivative £ (and its inverse 1/€).

If P and P satisfy the above mentioned condi-
tion of the theorem, they are called equivalent
probability measures, in the sense that it is
always possible to transform P into P and
vice versa by:

1

dP(z) = £(z)dP(z), dP(z)= £(2)

dP(2).

Note for later reference, that an equivalent
way of writing down this transformation is:

P(A) = /A dP(2) = /_ 0; T 4dP(2)
— /_0; T 4£(2)dP(2) = EP (I 4¢) VA € F,

where II 4 is the indicator function of event
A and F is the (sigma-)algebra, upon which
Z is defined.



T he Girsanov T heorem

T he following theorem is essential for chang-
ing the probability measure if continuous sto-
chastic processes.

Theorem (Girsanov) Let W (t),0 <t < T be
a Standard Wiener process on a probability
space (2, F,P). Let F(t),0 <t < T be the
accompanying filtration, and let X (t),0 <t <
T be a stochastic process adapted to this
filtration. For O <t < T, define

~ t
W(t) = W(t) — /O X (u) du,

£(t) = exp (/OtX(u) dW,, — %/OtX(u)Q du) ,

and define a new probability measure
P(A) = /A £(T)dP(2) = EP (I 4&(T)) VA € F.

Then Wy is a standard Wiener process under
the new probability measure P, provided that

E [eng(u) du] < oo, t€[0,T].



Note that the transformation process £ is a
martingale with E(£(t)) = 1 V t € [0,T].
order to see this, note first that

/OOX(U,) AW, = /OOX(u)Qdu —0.

T herefore

0] 0
£(0) = exp (/0 X (w) dW, — %/O X(u)Qdu> — 0 =1

In order to show that E(£(t)) =1V te [0,T]
it suffices then to show that & is a martingale.
To see this, define

A(t) = /OtX(u)Q du, B(t,W;) = /OtX(u) AW,
implying

dA(t) = X ()2 dt, dB(t,W;) = X(t)dW;,
and apply Itos lemma

2
it = %dwa—éd +1ﬂ(d 2.



- 0 __ 0£ DA :
Using 5% = 9i5; We obtain

dE(1) = 56O X3 (Dt + €D X (W, + 56O X2 (D)
= OX (1) W,
such that

£~ 60) = [ de(s) = [ &)X (),

T herefore

t
£(t) =1+ /O £(s)X(s) dWs.

Recall now, that [£(s)X (s) dWs, like any other
Ito-integral, is a martingale, that is:

B, ( [T e@x) dWs) = [ e()x () aws,

T herefore:
t+u
Bt + u)] = B (1 + [T e x(s) dws)

t
=1+ /O £(s)X (s) dWs = £(t),

that is, £(t) is a martingale.



In order to gain some intuition for the mean-
ing of the process X (t) in the Girsanov theo-
rem, let us assume that X is a constant, say
X = u. We obtain then by evaluating the
integrals in &£(t):

£(t) = exp [ (1) — 22t

in particular fort = 1, where W(t) = W (1) ~
N(0,1):

£(1) = exp [ (1) - 542,

which is identical to the Radon-Nikodym deriv-
ative we used in order to transform the N(0,1)-
distributed r.v. Z into a N(u,1)-distributed
r.v. Z. Furthermore, going back to the Gir-
sanov theorem for X = .

W(t) = W(t) — ut.

We observe that X (t) introduces a general
drift in the Girsanov theorem, just like u shifted
the mean in the Radon-Nikodym derivative.
However, X (t) is an I;-adapted process, al-
lolwing for fairly complicated drifts.



Although X (t) introduces a drift into W (t),
according to the Girsanov theorem, this drift
is removed under the new probability measure

P. We may verify this for our special case
X = u by calculating the expected value of

W (T) under the new probability measure P:

o0

EF (W(T)) = /OO W (T) d15=/ (W(T) — uT)E(T) dP

—O0

o0 1 1 w?
= w—ul)exp | pw— — 2T exp| — | dw
/ (w=pT) (“ o >\/27TT ( QT)

(w — puT)?
T) ex d
27TT/ (w=pT) p( 2T v
yQ
— exp (-2 ) ay =0,
\/sz _ooy p( 2) Y

where we have used that the probability mea-
sure of the N(0O,T)-distributed random vari-
able W(T) is

,w2
dP(W (T)) = \/QlTTexp <—ﬁ> dw,

and we have substituted y(w) = w — uT.

So there is indeed no drift in the process
W(t) = W(t) — ut under the new probabil-
ity measure P.



Application: Geometric Brownian Motion

Let
2
St = Spexp {(M ——)t+ GWt}
T hen
2
Zt = 1In <&> (b — =)t + oWy
So

with probability measure

exp {— 2~ (- %)t]z } dz = f(2)dz,

dP(z) =

2rot 202t

because Z; ~ N((u — %Q)t), o2t).

By substituting z(y) = Iny we find for the
probability measure of Y; = et = S;/8y:

dP dz

dP(z(y)) = & dy dy = f(z(y)) - gdy




where f(y) denotes the probability density
function of a /ognoera//y distributed random
variable Yy ~ N((p — %)t), ot).

Substituting y(s) = s/Sqg yields for the prob-
ability measure of Sy = SpYs:
dP dy

4P(y(s)) = -5k ds = F(y() - - ds

1 1 S o2 2
= Ny exp ~5o%; [In <5_0> — (p — ?)t] ds
= f(s)ds

St IS not a martingale under this measure, be-
. 2 0.

cause recalling that exp(cW; — %5t) is a mar-

tingale with respect to P we find:

o2
B (Sca) = B (Sock(tHem F 0 oMiv)
— Soe'u(H_u)EtP <6_§(t+u)+0'wt—l—u>

2
— Ggetlitu) ~ttoWi

2

— % )t+oW,
= e”uSOe('u 2) LA

— e,uuSt‘



But the discounted process S5; = e~ S, would
be a martingale if u = r, because then:

P (e—r(t-l-u)st_'_u) — e—T(t-I-M)Ef(St_I_u)
:e—r(t—l—,u)euust — e—rte—(u—r)ust — e_TtSt.

However, in the real world we have usually
u > r, because investors require a positive
risk premium for risky investments. Luckily
the Girsanov theorem tells us, that we can
find a probability measure P, that transforms
the drift term in such a way that S; becomes
a martingale.



2
For that purpose, rewrite Zy = (u—%)t+oW;
in the following way:

2
Zt=(r—%>t+awt+(u—r>t

0'2 ~
— (7" — ?)t—i—O'Wt

with

Wy = Wi — —(T — wt,
that is,

Wy = W; — /Ot X (u) du
with

X(w) = —(r — ).

The Girsanov theorem tells us then that W,
Is a standard Wiener process under the new
probability measure

_ 1 AN
dP(’lI)) — \/Tﬂexp _Q_t dw,




~ 2
implying that exp(cW; — =t) is a martingale
with respect to P.

We have therefore, referring to our earlier
calculation of Ef (Spyy):

Ef (Sy44) = Ef (Soe?t+u)
~ . -
=Ef (Soe(T_T)(t+“)+0Wt+U>
zerusb
such that
Ef(gt—l—u) Ef (e_r(t—l_u)st—l—u)

e "I EL(S,4,)
e—'r'(t—|—u)€ru5t

e"’“tSt = gt,

implying that the discounted process S; is a
martingale under the new probability measure
P.



Risk-neutral valuation in practice

In practice, this calls for the following strat-
eqgy in pricing derivatives, where the under-
lying may be assumed to follow geometric
Brownian motion:

1. Simulate GBM with drift u replaced by
the riskfree rate r.

2. Using many simulations, take the average
of the derivatives payoff X1 at expiration T
as an approximation for Eﬁ(XT).

3. Discount the result with the risk-free rate
to get an approximation for Xg = e—"“tEP(XT).

Example 17

Risk-neutral valuation by Monte-Carlo sim-
ulation of a European call with 6 months
to maturity, strike-price X = 50, stock-price
S = 47, risk-free rate »r = 5%, and volatility
oc=30%.



