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On unitary relations between Krein spaces

Rudi Wietsma

Abstract. The structure of unitary relations between Krein spaces is
investigated in geometrical terms. Two approaches are presented: The
first relies on the so-called Weyl identity, which characterizes unitary
relations, and the second approach is based on a graph decomposition
of unitary relations. Both approaches yield new necessary and suffi-
ciency conditions for isometric relations to be unitary. In particular, a
quasi-block and a proper block representation of unitary relations are
established.

Mathematics Subject Classification (2010). 47A06, 47B25, 47B50; 47A56.

Keywords. Unitary relation, Von Neumann formulas, Weyl function, Ex-
tension theory.

1. Introduction

As is well known, unitary operators between Hilbert spaces are bounded
everywhere defined isometric mappings with bounded everywhere defined
inverse. In Krein spaces unitary operators were initially introduced as ev-
erywhere defined isometric operators with everywhere defined inverse; such
operators are called standard unitary operators. Standard unitary operators
are closely connected to unitary operators between Hilbert spaces and, conse-
quently, they behave essentially in the same way as unitary operators between
Hilbert spaces. R. Arens introduced in [1] an alternative, very general, defini-
tion of unitary relations (multivalued operators): a relation U between Krein
spaces is unitary if

vt =ut,

where the adjoint is taken with respect to the underlying inner products.
This class of unitary relations contains the class of standard unitary opera-
tors. Each unitary relation is closed, however, they need not be bounded nor
densely defined and they can be multivalued as the following example shows,
cf. [7, Example 2.11].
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Example 1.1. Let {9, (-, ) } be a Hilbert space and define the indefinite inner
product [, -]s on H? by

[{f1, fohi g1, 92 e = =i ((f2,91)0 — (f1,92)8),  fi, f2, 91,92 € 9.

Moreover, let K be a selfadjoint operator in {$)g, (-, )}, where g is a closed
subspace of §). Then U defined by

U{fi+ f ot ={+Kfa+ [ f2}, fiE€Ho, foedomK, [, f € HESH}

is a unitary relation from {$2,[,-]} to {$2,[,:]} with kerU = (£ © $) x
{0} = mulU. In particular, U has closed domain (and range) if and only if
K is bounded, and U is a unitary operator with a trivial kernel if and only

if Ho = 9.

The study of unitary relations in Krein spaces is motivated by the ex-
tension theory of symmetric operators. These extensions have initially been
studied by means of von Neumann’s formula, see e.g. [4]. An alternative
approach by means of so-called boundary triplets was introduced by V.M.
Bruck and A.N. Kochubei (see [9] and the references therein). This approach
was generalized by V.A. Derkach and M.M. Malamud who also associated
so-called Weyl functions to boundary triplets, see e.g. [8]. Later those two
authors together with S. Hassi and H.S.V. de Snoo developed this approach
further by incorporating Krein space methods into this approach, see [6, 7].
In fact, in [6] it was shown that the boundary triplet, and its generalizations,
can be seen as unitary relations between Krein spaces with a suitable, fixed,
inner product.

In this paper unitary relations between Krein spaces will be studied,
foremost in geometrical terms, without auxiliary assumptions on the struc-
ture of the Krein spaces. This simplifies proofs for various well-known state-
ments, the obtained statements can also be easier generalized and superfluous
conditions can be eliminated. Moreover, the developed theory can be used,
without modifications, to study for instance extension theory of symmetric
relations in Krein space as developed by V.A. Derkach, see e.g. [5]. Similarly,
D-boundary triplets, recently introduced by V. Mogilevskii in [11], are cap-
tured within the framework of this paper. It is interesting to note that J.W.
Calkin had a similar, geometrical, approach in [4] where the structure of the
inner product was only fixed on the side of the domain. As a consequence of
the geometrical approach the Weyl function will not be introduced, although
a similar (non-analytic) object will be introduced, which will be called the
Weyl identity.

It is the purpose of this paper to investigate the general properties and
structure of isometric and unitary relations in Krein spaces. Therefore, the
investigation of the difference between isometric and unitary relation is cen-
tral. This difference will be expressed by giving criteria for isometric relations
to be unitary. Those conditions are obtained by means of (abstract) von Neu-
mann formulas, the Weyl identity, the Potapov-Ginzburg transformation and
a graph decomposition of unitary relations. All these different investigations
give also information about the structure of unitary relations.
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Apart from the introduction this paper is organized into four sections.
In the second section notation and general results about Krein spaces and
linear relations are recalled. In the third section basic properties of isometric
and unitary relations are given. In the fourth and fifth section the major
results are obtained, central in these two sections are the Weyl identity and
a graph decomposition, respectively. In particular, in these last two sections
several different necessary and sufficient conditions for isometric relations to
be unitary are obtained.

2. Preliminary results

2.1. Some basic properties of Krein spaces

A vector space £ with an indefinite inner product [-, -] is called a Krein space
if there exist a decomposition of £ into the direct sum of two subspaces (linear
subsets) & and &~ of & such that {&T,[-,]} and {&,—[, ]} are Hilbert
spaces and [fT,f7] =0, fT € & and f~ € 8 : A decomposition K1[+]R~
of R is called a canonical decomposition of {f, -, ]}. (Here the sum of two
subspaces 2t and N is said to be direct if M NI = {0}, in which case the
sum is denoted by 9M+MN.) The dimensions of &7 and &~ are independent

of the canonical decomposition of {&,[-,-]} and are denoted by k% and &k,
respectively.
For a Krein space {&, [-,]} there exist a linear operator j in & such that

{8, [i-,-]} is a Hilbert space and with respect to its inner product j* =j=! =j.

Any mapping j satisfying the preceding properties is called a fundamental
symmetry for {R,[-,-]}. Conversely, if {$, (-,-)} is a Hilbert space and j is a
fundamental symmetry in {$), (-,-)}, then {9, (j-,-)} is a Krein space. Each
fundamental symmetry induces a canonical decomposition and, conversely,
each canonical decomposition induces a fundamental symmetry. However,
all the norms generated by fundamental symmetries are equivalent. Hence a
subspace of the Krein space {&, [+, -]} is called closed if it is closed with respect
to the definite inner product [j-, -] for one (and hence for every) fundamental
symmetry of {&, [-,-]}.

For a subspace £ of the Krein space {R&, [, |} the orthogonal complement
of £, denoted by £+, is the closed subspace defined by

gl —{rer:[f.g) =0, Vge &}

If j is a (fixed) fundamental symmetry for {&, [-,-]}, then the j-orthogonal
complement of £, i.e. the orthogonal complement with respect to [j-, ], is
denoted by £+. Clearly, £ =j¢t = &)+

For subspaces 9 and 9 of the Krein space {8, [-,-]} with a fixed fun-
damental symmetry j the notation 9[+]9 and 9 & N is used to indicate
that the sum of 9t and 91 is orthogonal or j-orthogonal, i.e. M C MM and
9 C M or M C i and 91 C M respectively. Moreover,

m At = o + i and mH + nH c oot (21)
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Furthermore, the following version of [10, Ch. IV: Theorem 4.8] holds.

Lemma 2.1. Let M and DN be closed subspaces of the Krein space {&,[-,-]}.
Then M + N is closed if and only if M + N is closed.
Moreover, if either of the above equivalent conditions holds, then

i+ ol = (om noy)lL.

A projection P or P onto a closed subspace of the Krein space {8, [, |}
with fundamental symmetry j is called orthogonal or j-orthogonal if

R =ker P[+jranP or K=kerP ranP,

respectively. Recall that {ker P, [-, -]} and {ran P, [, -]} are Krein spaces, see [2,
Ch. I: Theorem 7.16]. In particular, for a canonical decomposition &+[+]&~
of {&, [, ]}, with associated fundamental symmetry j, the projections P+ and
P~ onto A" and R, respectively, are orthogonal and j-orthogonal projec-
tions.

Remark 2.2. In this paper the notation {9, (-,-)} and {&[-,-]} is used to
denote Hilbert and Krein spaces, respectively. To distinguish different Hilbert
and Krein spaces subindexes are used: 1, &1, H2, R, etc.. Closed subspaces
of {&,[,+]} which are themselves Krein (with the inner product [-,-]) are
denoted by & or & A canonical decomposition of {&;,[-,-];} is denoted by
£ [+]8/; . Tts associated fundamental symmetry is denoted by j; and the

projections P;" and P, associated to a canonical decomposition £ [+]8&;

always mean the orthogonal projection onto ﬁj and ﬁj, respectively.

A subspace £ of {&,[,]} is called positive, negative, nonnegative, non-
positive or neutral if [f, f] >0, [f, f1 <0, [f,f1 >0, [f,f]<0or [f,f]=0
for every f € £, respectively. A positive or negative subspace £ is called
uniformly positive or negative if there exists a constant o > 0 such that
f, f]1 < alf, f] or [if, f] < —alf, f] for all f € £ and one (and hence every)
fundamental symmetry j of {&, [, -]}, respectively. Furthermore, a subspace
of {8&,[-,-]} having a certain property is said to be mazimal with respect to
that property, if there exists no extensions of £ having the same property. A
subspace is said to essentially having a certain property if its closure has the
indicated property. Note that a subspace £ of {&,[-,-]} is neutral if and only
if £ C el

Proposition 2.3. ([2, Ch. I: Corollary 5.8]) Let £ be a neutral subspace of
{&,[-,-]}. Then the space {£H/clos (£),[-,-]} is a Krein space'.
Let 81[+]R~ be a canonical decomposition of {&, [-, -]} with associated
projection PT and P~, then for any closed subspace £
gHngt=gtoPte and gHng =g P g (2.2)
Next some characterizations of maximal nonnegative and nonpositive sub-
spaces are recalled, see [2, Ch. I: Section 8] and [3, Ch. V: Section 4].

1The indefinite inner product on the quotient space, induced by the indefinite inner product
on the original space, is always indicated by the same symbol.
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Proposition 2.4. Let £ be a nonnegative (nonpositive) subspace of {&,[-,-]}
and let &Y[+]R~ be a canonical decomposition of {8&,[,-|} with associated
projections Pt and P~. Then equivalent are

(i) £ is a mazimal nonnegative (nonpositive) subspace of {R,[-,-]};

(i) PTE€=8/" (P L=8");
(iii) £ is closed and £ is a nonpositive (nonnegative) subspace of {8, [-,-]};
(iv) £ is closed and £ is a mazimal nonpositive (nonnegative) subspace of

{ﬁv ['v ]}’

(v) Ke = {{P*£,P~f} i f € 2} (Ko = ({P~f,P"f} : f € €} ) is
an everywhere defined contraction from {&*,[,-]} to {&~,—[,"]} (from
{ﬁ_v _['7 ]} to {ﬁ+7 ['7 ]})

The operator K¢ in (v) is called the angular operator associated to £.

If K¢ as above is the angular operator for a maximal nonnegative subspace
£, then (Kg¢)* is the angular operator for £+ see [2, Ch. I: Theorem 8.11].

2.2. Hyper-maximal subspaces

Recall that a neutral subspace £ of { &, [, ]} is called hyper-mazimal neutral if
it is simultaneously maximal nonnegative and maximal nonpositive. Equiva-
lently, £ is hyper-maximal neutral if and only if £ = €M1, see Proposition 2.4.

Le., if j is a fundamental symmetry for {&,[-,-]}, then £ is hyper-maximal
neutral if and only if & has the j-orthogonal decomposition
RA=LDjL. (2.3)

The following result gives additional characterizations of hyper-maximal neu-
trality by means of a canonical decomposition of the corresponding Krein
space, see [2, Ch. I: Theorem 4.13 & Theorem 8.10].

Proposition 2.5. Let £ be a neutral subspace of {&,[-,-]} and let 8T [+]R~
be a canonical decomposition of {R&,[-,-]} with associated projections P;" and
Py . Then equivalent are
(i) £ is hyper-mazimal neutral;
(i) PT€=8" and P~ £=8";
(ii) Ug:={{PTf, P~ f} € AT xR : f € £} is a standard unitary operator
from {&*,[-,-]} onto {8, —[,"]}.
As a consequence of Proposition 2.5, k¥ = k™ if there exists a hyper-
maximal neutral subspace in {&, [-,]}. The converse also holds: If kT = k|
then there exist hyper-maximal neutral subspaces in {&, [-,|}. By definition

hyper-maximal neutral subspaces are maximal neutral, the converse does not
hold as the following example shows.

Example 2.6. Let {$),(-,-)} be a separable Hilbert space with orthonormal
basis {€n }n>0, €n € 9. Define the indefinite inner product [-,-] on $? by

[{f17f2}7{gl792}} = (fhgl) - (f2792)7 f17f27gl792 € fj
Then {$?,[-,-]} is a Krein space. Define £; and £, by
£, =span{{en,ea,} :n €N} and £, =5pan{{e,,e,}:n €N}
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Then £; and £ are maximal neutral subspaces of {§2,[-,-]}, but only £5 is
a hyper-maximal neutral subspace of {$?,[-,-]}.

The above example can be modified to show that there also exist differ-
ent types of maximal nonpositive and nonnegative subspaces of Krein spaces.
Hence the notion of hyper-maximality can meaningfully be extended to semi-
definite subspaces.

Definition 2.7. Let £ be a nonnegative or nonpositive subspace of {&, [-,]}.
Then £ is called hyper-mazimal nonnegative or hyper-mazimal nonpositive if
£ is closed and £+ is a neutral subspace of {8, [-,-]}.

The following proposition gives alternative characterizations for a semi-
definite subspace to be hyper-maximal semi-definite.

Proposition 2.8. Let £ be a nonnegative (nonpositive) subspace of {&,[-,-]}
and let &Y[+]R~ be a canonical decomposition of {8, [,-|} with associated
fundamental symmetry i and projections P+ and P~. Then equivalent are

(i) £ is hyper-maximal nonnegative (nonpositive);

(ii) £ is closed, £ C € and P~gH = g (Preltl = g+);
(iil) £ is closed, £ = e + gnat (e=gclH ena);

(iv) £ is closed and induces a j-orthogonal decomposition of R:

A=cHa(enig) @jet

Proof. The statement will only be proven in the case that £ is a nonnegative
subspace; the case £ is a nonpositive subspace can be proven by similar
arguments.

(i) = (ii): Since £ is neutral, ¢ C gl ) clos £ = £ Next let
f- e Ao P =clos (£)NKA™, see (2.2). Since £ is by assumption closed
and nonnegative, it follows that f~ =0, i.e., R~ = P~ gl

(ii) = (iii): Clearly, it suffices to prove the inclusion £ C ¢ 4+ £n
A, Hence let f € £ be decomposed as f+ 4 f—, where f* € &%. Then
the assumption P~ €M = &~ implies that there exists gt € &% such that
gt + f~ € et and, hence, f — (g7 + f7) = ft — gt € £n &', because by
assumption £ C €.

(iii) = (iv): Since £ is closed, £ N KT = £ N jL. Moreover, since £
is nonnegative, £ is in fact the j-orthogonal sum of £ and £ N &+, In
other words, £ is a hyper-maximal neutral subspace of the Krein space
{Ro(£njL),[, ]} Hence, (2.3) implies that (iv) holds.

(iv) = (i): The decomposition in (iv) implies that £ is a hyper-
maximal neutral neutral subspace of the Krein space {R © (£ NjL),[,, ]},
see (2.3), and, hence, £+ is a neutral subspace of {8, [-,-]}. O

Corollary 2.9. Let £ be a semi-definite subspace of {R, [-,-]}. Then £ is hyper-
mazimal semi-definite if and only if PTL = &' and P~ £ = &~ for every
canonical decomposition 8T [+|R™ of {&, [+, |} with associated projections P*
and P~.
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Proof. Assume that £ is hyper-maximal semi-definite and let & [+]&~ be
a canonical decomposition of {&, [-,-]} with associated projections PT and
P~. Then Proposition 2.8 (iv) implies that £Njg is closed and that £+ is
a hyper-maximal neutral subspace of the Krein space {# © (£ NjL),[,,]}.
Hence, Plii)[“ = 8T © (£0njL), see Proposition 2.5, and £ + £njg C &,
because £ is by assumption closed. These observations show that the stated
characterization holds.

To prove the converse assume w.l.o.g. that £ is nonnegative. Then the
assumption that PT£ = A" implies that £ is maximal nonnegative, and
hence closed, and that £ is a maximal nonpositive subspace, see Proposi-
tion 2.4. Suppose that f € £ is such that [f, f] < 0, then there exists a
canonical decomposition & [+]&~ of {&, [-,-]} such that f € &, see [3, Ch.
V: Theorem 5.6]. Then f € &~ © P~ £, see (2.2), which is in contradiction
with the assumption P~&=§". Consequently, £ is neutral and, hence, £
is hyper-maximal nonnegative. (I

Corollary 2.9 shows that hyper-maximal nonnegative (nonpositive) sub-
spaces are also maximal nonnegative (nonpositive), justifying the terminol-
ogy. Moreover, it also shows that in a Krein space {8, [-,-]} with kT > k~
or k¥ < k™ every hyper-maximal semi-definite subspace is nonnegative or
nonpositive, respectively. If k¥ = k™, then a hyper-maximal semi-definite
subspace can be neutral, nonnegative or nonpositive, cf. Example 2.6. Note
also that Proposition 2.8 (ii) shows that if £ is hyper-maximal semi-definite,
then €M is maximal neutral. Clearly, the converse also holds: if £ is a max-
imal neutral subspace, then £+ is a hyper-maximal semi-definite subspace.

2.3. Abstract von Neumann formulas

Let £ be a neutral subspace of the Krein space {&, [-,+]} with a canonical
decomposition & [+]R~. Then the first von Neumann formula holds:
el = clos (&) [@) e n &t @)t n s, (2.4)

see [2, Ch. 1:4.20] and (2.2). As a consequence of the first von Neumann for-
mula and Proposition 2.3, the notion of defect numbers for neutral subspaces
of Krein spaces as introduced below is well-defined. This definition extends
the usual definition of defect numbers for symmetric relations.

Definition 2.10. Let £ be a neutral subspace of {&, [-,-]} and let & [+]&~ be
a canonical decomposition of {&, [, ]}. Then the defect numbers n, (£) and
n_(£) of £ are defined as

ny (&) =dim(€H NK/7) and n_(£) = dim(¢H N /*).

The following generalization of the second von Neumann formula will
be of importance in the analysis of unitary relations, see Section 4.1.
Proposition 2.11. Let £ and M be subspaces of {R,[-,:]} such that M C £
and let P be an orthogonal projection in {R, [, ]}. Then

PLCPM if and only if £ =M+ £NkerP. (2.5)
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Furthermore, if M is closed, P£ C PO and (I—P)MH 4(I—P)(Lnker P)H]
is closed, then

(i) £nker P is closed if and only if £ is closed;

(ii) clos (£ Nker P) = (clos £) Nker P.

Proof. The proof for the equivalence (2.5) is simple and left for the reader.

(1): If £ is closed, then clearly £Nker P is closed. To prove the converse
note first that ran P C (£ N ker P)I*). Therefore the assumption that (I —
PYMI 4 (I — P)(£Nker P)H is closed implies that 9] 4 (€ N ker P)H
is closed. This fact together with the assumption that £ N ker P is closed
implies that 9t + clos (£ N ker P) is closed, see Lemma 2.1. Consequently,
M + £ Nker P is closed and the closedness of £ now follows from (2.5).

(ii): The assumptions PL C POt and M C £ together with (2.5) show
that

£ =M+ (£Nker P) C M+ clos (£ Nker P) C clos £.

Since M + clos (£ Nker P) is closed (see the proof of (1)), taking closures in
the above equation yields that clos (£) = 9t + clos (£ Nker P) and therefore
P(clos £) C P9t. Consequently, (2.5) implies that clos (£) = M + (clos £) N
ker P, i.e.,

M + clos (£ Nker P) = clos (£) = M + (clos £) N ker P.
This implies (ii). O
Let j be a fundamental symmetry for {&,[-,:]}. Then note that (I —
PYM (I — P)(£Nker P)H s closed, if the following inclusion holds
(I — P)mH O (I — P)(€Nker P)HN)E Nker P
= jclos (£ Nker P) Nker P + (jran P) Nker P.
Corollary 2.12. Let £ and M be subspaces of {&,[-,-]} such that M C L.

Moreover, let RT[+]R™ be a canonical decomposition of {R, [, -]} with asso-
ciated projections PT and P~. Then

P~LC P M ifand onlyif £=M+LNAKAT;

{ PTeCPYM ifand onlyif C=M+LNAKA".
Furthermore, if M is closed, P~£ C P~M and clos (£ N &) € Pt
then

(i) LN KT is closed if and only if £ is closed;

(i) clos (£NKRT) = (clos£) N KT,
and if M is closed, P*£ C PTOM and clos (LN KR™) C P~MH, then

(i) £N K™ is closed if and only if £ is closed;

(ii") clos(£NKR™) = (closL) N K.
Proof. The discussion preceding this corollary shows that the condition that
(I—-P)MH -(I—P)(Lnker P)H is closed (in Proposition 2.11) is satisfied for
P =P~ or P=P7,ifclos(£€n&") C PN or clos (€N &™) € P~
respectively. Hence, this statement follows directly from Proposition 2.11 by
taking P to be P~ and PT. O
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Note that if £ is an arbitrary subspace of {&, [+, ]}, then the conditions
P~¢ C P 9 and clos (£ N &) € Pt are satisfied for any hyper-
maximal nonpositive subspace 9, and the conditions P*£ C P™OM and
clos (£NR™) C P~ are satisfied for any hyper-maximal nonnegative sub-
space M. Furthermore, Corollary 2.12 shows that if a subspace £ of {&, [, ]}
contains a maximal semi-definite subspace 9 and its orthogonal comple-
ment, then £ is neutral. Because if e.g. 90 is maximal nonnegative, then
P9 = &~ and, hence, £ = MM + £N KT by Corollary 2.12. Consequently,
using (2.1),

gt = (m 4+ en s =l (en st cmltl ¢ g

2.4. Linear relations in Krein spaces

Let {8&1,[,]1} and {Ra, [, ]2} be Krein spaces, then H is called a (linear)
relation from {Ry,[-,-]1} to {Ra, [, ]2} if its graph, denoted by gr(H), is a
subspace of &1 x £22. In particular, H is closed if and only if its graph is
closed. The symbols dom H, ran H, ker H, and mul H stand for the domain,
range, kernel, and the multivalued part of H, respectively. In particular,
mul H = {0} if and only if H is an operator. For a subspace £ of dom H,
H(L) denotes {f' € B2 : If € £ s.t. {f,f'} € H}.

The inverse H ! and the adjoint H™* of H are defined as

H_lz{{.ﬂf/}e-ﬁQXﬁl:{f/mf}EH};

HY = {1} € fo x &1 : [f' .9 = .92, Ho.9'} € H}.

Using these definitions
(dom H)*Hh = mul HM and  (ran H)*2 = ker AP, (2.6)
For linear relations G and H from £; to £2 the notation G + H stands
for the usual operator-like sum of relations. The componentwise sum (linear
span of the graphs) of G and H is the relation whose graph is given by
gr(G) + gr(H), where the sum is that of linear subspaces (of £; x Rs. If the
componentwise sum is direct, i.e. gr(G) N gr(H) = {0}, then the graph of
the componentwise sum of G and H is denoted by gr(G)+er(H). If G is a

linear relation from {8y, [-,:]1} to {Ra,[",:]2} and H is a linear relation from
{Ra,[",]2} to {83, [, ]s}, then their product, denoted by HG, is defined by

HG={{f,f'} €81 xRy :Th € Ko s.t. {f,h} €G and {h,f'} € H}.
The following basic facts can be found in e.g. [1].

Lemma 2.13. Let {&;,[-,];}, i = 1,2,3, be Krein spaces and let G : £ — Ko
and H : R9 — R3 be linear relations. Then
@ (HE) = @,
(i) (HG)"'=G'H™!;
(i) GHHN C (HG)M;
2The interpretation of relations (operators) as subspaces in appropriate spaces, and vice

versa, is used throughout the paper. These interpretations will not always be explicitly
mentioned.
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(iv) if G is closed, ran G is closed and dom H C ran G or H is closed, dom H
is closed and ran G C dom H, then (HG)* = G HIM,

Let P, be an orthogonal projection in {8, [, ]}, ¢ = 1,2, then the
projection P1 X Pg in ﬁl X ﬁg is defined as (Pl X PQ)(fl X fg) = Plfl X ngg,
f1 € R and f5 € Ry. Note that for a relation H from £; to K5 one has that

(Py x Po)gr(H) ={P1f x Pof : {f,f'} € H} C (P X P;)(dom H x ran H).
The following statement shows when the inverse inclusion holds.

Proposition 2.14. Let H be a relation from {Ry, [, 1} to {Ra, [, ]2} and let
P; be an orthogonal projection in {R;, [, -]}, for i =1,2. Then equivalent are
i) (P1 X Pg)(domH xran H) C (P x Py)gr(H);
(i) PLH (ran H Nker P,) = Pydom H;
(iii) PoH(dom H Nker Py) = Pyran H;
(iv) dom H = H~!(ran H Nker P) + (dom H Nker Py);
(v) ran H = H(dom H Nker P;) + (ran H Nker Py).

Proof. (i) = (ii): If (i) holds, then for every f; € Pidom H there exists
{f, f'} € H such that P, f = f1 and P, f’ = 0. Therefore f’ € ran H Nker Py
and hence Pidom H C PLH™~ (ran HNP,). Since the inverse inclusion clearly
holds, this shows that (ii) holds.

(ii) < (iv): Let f € dom H, then by (ii) there exists {g, ¢’} € H such that
Pig= P f and ¢’ € ran HNker P,. Hence f = g+h, where h = f—g € dom H
and Pth = Pi(f —g) =0, ie., dom H C H '(ran H Nker P,) + (dom H N
ker P1). Since the inverse inclusion clearly holds, this proves the implication
from (ii) to (iv). The reverse implication is direct.

(iii) < (v): This proof is similar to the proof of the equivalence of (ii)
and (iv).
(iv) < (v): This follows by applying H and H 1.

(ii) & (ili) = (i): If f; € Pidom H and f, € Pyran H, then by (ii) there
exists {f, f'} € H such that Pif = f1, Pof’ = 0 and by (iii) there exists
{g9,9'} € H such that Pig = 0 and Pag’ = f5. Hence, {f +g,f +¢'} € H,
P (f+g)=Pif = fiand Po(f +¢') = Poag’ = fo. U

3. Basic properties of isometric and unitary relations

Basic properties of isometric and unitary relations are given. In particular,
it is shown how to reduce isometric (and unitary) relations by removing
their easily understood parts. The properties of these separated-off parts,
which are in fact unitary relations with closed domain and closed range, are
investigated.

3.1. Isometric and unitary relations

A relation U from {Ry, [, |1} to {Re, [, ]2} is called isometric or unitary if
Utcubl or Ut =Ul, (3.1)
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respectively, see [1]. Since (U[*])_l = (U~H, see Lemma 2.13, the above
definition implies directly that a relation U is isometric (unitary) if and only
if U~! is isometric (unitary). In particular, the action of isometric (unitary)
relations and their inverse are of the same type and, hence, the structure of
their domain and range is of the same type.

For an isometric relation V from {8y, [-,-]1} to {R2, [, ]2} (2.6) becomes

ker V C (dom V) and mulV C (ran V)2, (3.2)

Hence, in particular, ker V' and mulV are neutral subspaces of {&;,[,]1}

and {8, [, |2}, respectively. For a unitary relation U from {&y,[-,:]:} to
{R2, [, ]2} the inequalities in (3.2) become equalities:

ker U = (dom U)*h  and mulU = (ranU)H=, (3.3)

Recall the following basic characterizations of isometric and unitary
relations.

Proposition 3.1. Let V' be a relation from {&1,[,- |1} to {8Ra, [, ]2}. Then
equivalent are

(i) V is isometric;

(i) [f,gh =[f",g'l2 for every {f, f'},{9,9'} € V;

(ili) [f, flo=[f", f']2 for every {f. f'} € V;

(iv) closV is isometric.
Proof. (i) < (ii) and (ii) < (iii): These equivalences are clear by the definition
(3.1) and by polarizing.

(i) < (iv): If (i) holds, then, since VI is closed, V=1 C VI implies

that (closV)™' = clos (v ¢ VI e, closV is isometric. The reverse
implication follows from the fact that V C clos V and that VI is closed. O

Proposition 3.2. Let U be a relation from {8q,[,-]1} to {Ra,[-,"]2}. Then U
is unstary if and only if U is isometric and if {f, f'} € K1 X KRy is such that
(g =1[f"9"l, Y{g.9'} €U,

then {f,f'} € U.

Proof. If {f, f'} € &1 x Ry satisfies the stated condition, then {f’, f} € U,
Hence the equivalence is clear by the definition of unitary relations. ([l

For Krein spaces {81, [, -]1 } and {82, [, ]2}, the notation [-, -];,_2 is used
to denote the (indefinite) inner product on £; x Ky defined by

[f1x f2, 010 X g2l1,—2 = [f1, 1)1 = [f2, 92]2,  f1.91 € Ru, fa,92 € Ro. (34)
With this inner product, {R1 x Rz, [, -]1,—2} is a Krein space and for a relation
H from £ to R one has that (gr(H))t -2 = gr (H~I)). The preceding
observation yields the following result which can be found in [12].

Proposition 3.3. Let U be a relation from {81, [, -]1} to {Ra, [, ]2}. Then U
is an isometric or a unitary relation if and only if gr(U) is a neutral or a
hyper-mazimal neutral subspace of {81 x R, [, ]1,—2}, respectively.
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In light of Proposition 2.5 and the discussion following that statement,
Proposition 3.3 implies that if U is a unitary relation from the Krein space
{&1,[,-]1} to the Krein space {fg, [, ]2}, then k" +ky = ki + k3.

The following statement, which generalizes Proposition 2.5, can be inter-
preted as an inverse to Proposition 3.3; it shows how hyper-maximal neutral
subspaces can be interpreted (nonuniquely) as unitary relations.

Proposition 3.4. Let £ be a subspace of {&,[-,-]} and let P be an orthogonal

projection in {&, [, -]}. Then £ is neutral or hyper-maximal neutral if and only
if the relation Ug := {{Pf,(I — P)f} : f € £} is an isomelric or a unitary
relation from the Krein space {ran P, [-, ]} to the Krein space {ker P,—[-,-]},
respectively.

Proof. If £ is neutral, then for f,g € £
0=[f,9l=[I—-P)f+Pf.(I-P)g+Pg]=[Pf Pgl+[I—-P)f (I-P)gl

i.e. Ug is an isometric relation. Next let {g, ¢’} € ran P x ker P be such that
[Pf,g] = —[(I — P)f,q'] for all f € £. Then [f,g+ ¢'] =0 for all f € £. If
£ is hyper-maximal neutral, the preceding equation implies that g + ¢’ € £.
Hence by Proposition 3.2 Ug is an unitary relation.

The converse assertion is a direct consequence of Proposition 3.3. O

The previous two propositions together with Proposition 2.5 show that
with each unitary relation between Krein spaces one can associate a unitary
relation between Hilbert spaces; that association is the Potapov-Ginzburg
transformation, see Proposition 3.20.

The following proposition which can be found in [14, Proposition 2.3.1],
gives some necessary and sufficient conditions for an isometric relation to be
unitary. To prove the proposition, observe that if G and H are relations from
R to Ko, then

G=H ifandonlyif GCH, domH CdomG, mul HC mulG. (3.5)

Proposition 3.5. Let U be an isometric relation from {&1, [, |1} to {Ra, [, |2}
Then U is a unitary if and only if dlom UM C ranU and (dom U)H C ker U
or, equivalently, ran U] C dom U and (ranU)H2 € mulU.

Proof. Tf U is unitary, then (3.1) and (3.3) imply that dom UM = ranU
and (dom U)H1 = ker U. Conversely, since U is isometric U~' C U and
mulU C (domU)H1, see (3.1) and (3.2). Therefore the assumptions imply
that dom UM = domU~! and mulU~! = kerU = (dom U)*r = mul UM,
see (2.6). Hence, the equality U~ = U* holds due to (3.5), i.e., U is unitary.

The second equivalence is obtained from the first by passing to the
inverses. (I

3.2. Isometric relations and closures of subspaces
A standard unitary operator U from {&, [, |1} to {Ro, [-, ]2} satisfies

vty =we)*:, gca (3.6)
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Since a unitary relation between Krein spaces need not be everywhere defined,
(3.6) does not hold in general for unitary relations.

Lemma 3.6. Let V be an isometric relation from {fy,[,-]1} to {Ra, [, ]2}
and let £ C dom V. Then

Vet ndom V) = (V(£)*2 nran V.
Proof. 1If f' € V (€1 ndom V'), then there exists a f € £l Ndom V' such
that {f, f'} € V. In particular, [f, h]; = 0 for all h € £. Since V is isometric,
this implies that [f/, ']y = 0 for all b’ € V(£), ie., f' € (V(£)™2 nranV.
This shows that V (£ ndom V) C (V(S))[J']2 NranV. The inverse inclu-
sion follows from the proven inclusion by applying it to V=1 and V(£). O

Lemma 3.6 can be used to show the under certain conditions an essen-
tially hyper-maximal neutral subspace is mapped onto an essentially hyper-
maximal neutral subspace.

Corollary 3.7. Let V' be an isometric relation from {R,[-, |1} to {8Rs, [, ]2}
and let £ be a neutral subspace of {&1,[-,-]1} such that clos € = £t and
(clos £)NdomV = £. Then equivalent are

(i) closV(£) = V (&)=,

(i) (V(&)H=nranV) 2 _ clos V().
If either of the above equivalent conditions holds, then (closV(£)) NranV =
V(g).
Proof. By the assumptions on £ and Lemma 3.6

V(L) = V((clos £) Ndom V) = V(£ ndom V) = V(&) nran V. (3.7)
If (i) holds, then (3.7) shows that (ii) and the final conclusion hold. Con-

versely, if (ii) holds, then by taking orthogonal complements in (3.7) (i) fol-
lows immediately. ([l

Since the above statement holds for all isometric relations, it shows
that the (essential) hyper-maximal neutrality of a subspace £ is only weakly
connected to the (essential) hyper-maximal neutrality of the subspace V(£).

If U is a standard unitary operator from {8, [-, |1} to {Ra, [, ]2}, then
(3.6) implies that U(clos £) = closU(£) for any subspace £ of £;. Clearly,
this equality does not hold for general unitary relations and a similar result
only holds for certain subspaces. For instance if V' is an isometric relation
from {81, [, -]1} to {Ra, [, ]2} and ker V C £ C dom V is such that

clos & = (£ ndom V)t and  clos V(£) = (V(£)H2 nran V)2,
Then applying Lemma 3.6 twice yields that
V(clos£NdomV) = (clos V(L)) Nran V.

The above example indicates that the behavior of isometric relations with
respect to the closure of subspaces is in general not easy to describe. However,
for uniformly definite subspaces this behavior is specific.
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Proposition 3.8. Let V be a closed and isometric operator from {fy,[-,-]1} to
{Ra,[',]2} and let ® C dom V be a uniformly definite subspace of {81, [-,"]1}-
Then
(i) if © =clos (@) NdomV, then V(D) is closed;
(il) D is closed if and only if V(D) + [mul V] is a closed uniformly definite
subspace of {(mul V)2 /mul V) [-, ]2}

Proof. To prove the statements w.l.o.g. assume © to be uniformly positive
and let j; and jo be fundamental symmetries of {£1, [, ]1} and {Ra, [, |2},
respectively.

(i) : Let f' € closV (D), then there exists a sequence {{fn, f,}}n>0,
where f, € © and {f,, f/} € V, such that f’ = lim,,_, f}. By the isometry
of V

[JQ(.ﬂn - frlz)afr/n - f;L}Q > [f;n - fr/wf;n - f’r/L]2 = [fm - fnafm - fn}l
Since © is uniformly positive, there exists a constant o > 0 such that
alirg, g)1 < [g,g]1 for all ¢ € ©. Combining this fact with the above in-
equality yields

[12(f7/n - f’;L)?f;n, - f’r/L]2 Z a[]l(fm - fn)afm - fn]l

Since {f; }n>0 converges by assumption in the Hilbert space {8z, [j2-, ]2}, the
preceding inequality shows that { fy, }n>0 is a Cauchy-sequence in the Hilbert
space {81, [j1-,-]1} and, hence, converges to a f € clos(®). Consequently,
{{fn, f} } }n>0 converges (in the graph norm) to {f, '} € £ x £ and, hence,
{f, f'} € V by the closedness of V. Therefore f € clos (D)NdomV =D and,
hence, f' € V(D).

(ii) : For simplicity assume that mulV = {0}. Let ® C domV be
closed, then V' |g is an everywhere defined closed (isometric) operator from
the Hilbert space {D,[-,"]1} to {z,[,]2}. Le., there exists a M > 0 such
that

2V, Vfla < M[f, fli, VfeED.
Moreover, since ® is uniformly positive, there exists a constant « > 0 such
that [j1f, fl1 < «lf, f]1 for all f € ®. Consequently,

2V, V2 < Misf, fli < aM[f, fli = aM[Vf,V fla,  f€D.

Le., V(®) is a uniformly definite subspace of {fs,[:,-]2}. The converse im-
plication is obtained by applying (i) to V=1 and V(D). O

3.3. Reduction of unitary relations

Here unitary relations are reduced in two different ways: by means of neu-
tral subspaces contained in their domain (or range) and by splitting them.
These reductions allow us to remove from unitary relations that part of their
behavior which is well understood. To start with, observe the following basic
composition results for isometric relations, see [6, Section 2.2].

Lemma 3.9. Let S be an isometric relation from {8, [-,-]1} to {Ra, [, -]2} and
let T an isometric relation from {Ra, [, ]2} to {Rs, [, ]}. Then
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(i) TS is isometric;
(ii) if S and T are unitary, ran S C dom T and dom T is closed or domT C
ran.S and ran S is closed, then T'S is unitary.

Proof. Combine Lemma 2.13 with (3.1). O

The following lemma associates to each neutral subspace a unitary rela-
tion which can be used to reduce unitary relations, see Corollary 3.11 below.

Lemma 3.10. Let £ be a closed neutral subspace of {8, [,:]}. Then Ug defined
by
Ue:R— etl/ge fedomUe = ¢ f 4 [g]

is a unitary operator from {R&,[-,-]} onto the Krein space {LH/€ [, ]}.

Proof. Note first that by Proposition 2.3 {€1/€ [-,-]} is a Krein space and
that the isometry of Ug is a direct consequence of the neutrality of £. Next let
h € Rand k € £41/€ be such that [f, h] = [Ugf, k] for all f € £ = dom Usg.
Since Ug maps onto £ /€ by its definition, there exists g € dom Ug such
that Ugg = k and, hence, [f,h — g] = 0 for all f € £, This shows that
h—g € clos (£) = £ C ker Ug. Consequently, {h,k} = {g,Ueg}+{h—g,0} €
Ug and, hence, Proposition 3.2 implies that Ug is unitary. O

Since ker V' and mul V' are neutral subspaces for an isometric relation V,
see (3.2), composing isometric relations with the unitary relations provided
by Corollary 3.10 yields isometric mappings without kernel and multivalued
part. In other words the interesting behavior of isometric relations takes
place on the quotient spaces dom V/ker V and tan V/mul V. In particular, the
following corollary can be used to simplify proofs for statements concerning
unitary relations.

Corollary 3.11. Let U be a unitary relation from {R1,[-,]1} to {8, [, ]2}
Then

U, = {{f,f' +[mulU]} € & x mnU/mulU : {f, f'} € U}

is a unitary operator from {Ry, [, ]1} to the Krein space {Tan U/mul U, [, ]2}
with dense range and

Ug={{f + [ker U], '} € domU/ker U x 8 : {f, f'} € U}

is a unitary relation from the Krein space {domU /ker U, [+, ]1} to {Ra, [, ]2}
with dense domain. In particular, (Uy)g = (Ug)r is a unitary operator from
{domU/ker U, [-,-]1} to {fanU/mulU, [, ]2} with dense domain and dense
range.

Proof. Since ker U and mul U are closed neutral subspaces, Uye, v and Uy v
are unitary operators by Lemma 3.10 with closed domain and closed range.
Consequently, Lemma 3.9 implies that U, := Uy U and Uy := U(Uger ) !
are unitary relations which clearly have the stated properties. (I

Next observe the following simple but useful result.
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Lemma 3.12. Let U be an isometric relation from {&1,[,]1} to {Ra, [, ]2}
and let {&;, [, ] Y[+{Ri, [-,-]:} be an orthogonal decomposition of {ﬁl, [ ]}
into two Krein spaces, for i =1,2, such that gr(U) = gr(U) + gr(U), where
gr(U) == gr(U) N R x Ry and gr(U) == gr(U) N R1 x Ry. Then U is unitary
if and only if U and U are unitary.

Proof. This follows from the definition of unitary relations (U*/ = U~1) and
the orthogonal decomposition of U. O

Corollary 3.13. Let U be a closed and isometric relation from {81,[-, |1} to
{Ra, [, ]2} Moreover, let ®1 C domU be a closed uniformly definite sub-
space of {R1,[,:]1} and let Dy be the closed uniformly definite subspace of
{Ra, [',]2} such that U(D;1) = Dy + mulU. Then U is a unitary relation if
and only if

[7 — {{f7f’} cU: f c @[J—]l and f/ c @[J_]z}
is a unitary relation from {1 N Q[L]l [,-]1} to {Ra N Dy [L]2 2}

Proof. Note first that the existence of ®4 as stated follows from Proposi-
tion 3.8 and that U = {f, '} eU: feD and [ € Dy} is an everywhere
defined isometric operator from the Hilbert space {91, [-, |1} onto the Hilbert
space {Dy, [,-]2} and, hence, unitary. Since, clearly, gr(U) = gr(U) + gr(U),
the statement follows now directly from Lemma 3.12. O

3.4. Unitary operators with closed domain and range

The following proposition shows that unitary relations with closed domain
and range have almost the same properties as standard unitary operators
(everywhere defined unitary operators with everywhere define inverse.)

Proposition 3.14. Let U be a unitary relation from {81, [, ]1} to {Ra, [, ]2}
with closed domain and range. Let £ be a subspace of K1 with kerU C £ C
domU, then

U(g[l]l) - (U(S))[L]z_

In particular, £ is a (essentially, closed) (hyper-mazimal, mazimal) nonneg-
ative, nonpositive or neutral subspace of {R1,[,-]1} if and only if U(L) is a
(essentially, closed) (hyper-maximal, mazimal) nonnegative, nonpositive or
neutral of {Ra, [, ]2}, respectively.

Proof. Let kerU C £ C domU, then (domU)Mr € gt C (ker U)Hr.
Hence, using (3.3) and the closedness of the domain of U, it follows that
ker U C £t C dom U. Similar arguments show that mulU C (U(S))M"‘ -
ran U. Consequently, the equality U(£M1) = (U(£))H2 follows directly from
Lemma 3.6, cf. (3.6). O

The condition that the domain and range of U are closed in Proposi-
tion 3.14 is too strong; they are always closed simultaneously as the following
result from [12] shows, cf. [13]. Here an elementary proof is given.
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Proposition 3.15. Let U be a unitary relation from {Ry,[-,]1} to {8Ra, [, |2}
Then dom U is closed if and only if ranU is closed.

Proof. Since U is unitary if and only if U~! is unitary, it suffices to prove
that if dom U is closed, then ran U is closed.

Assume that dom U is closed, then U, := Upu U (Ukery) "t is an ev-
erywhere defined unitary operator from the Krein space {dom U /ker U, [-, |1 }
to the Krein space {tanU/mulU, [, ]2} with dense range, see Lemma 3.10.
Let D] [+]®] be a canonical decomposition of {domU/kerU,[-,-];}, then
U.(D7) and U.(D7) are a closed uniformly positive and negative subspace of
{fanU/mul U, [-, ]2} which are orthogonal to each other, see Proposition 3.8
and Lemma 3.6. Therefore, ran U, = U.(D]) + U.(D7) is closed, see [3, Ch.
V: Theorem 5.3]. Since (Upup)~! is a unitary operator, Proposition 3.14
implies that (U ) 'ranU, = ran U(Uye; ) ~! = ran U is closed. O

Corollary 3.16. Let U be a unitary relation from {R1,[,]1} to {Re, [, ]2}
with closed domain. Then for any neutral subspace £, kerU C £ C domU,

of {ﬁlv [" ]1}
ny (L) =ny(U(L)) and n_(L) =n_(U(L)).

Proof. Since domU is closed, (Uy), is a standard unitary operator from
{dom U /ker U, [-,-]1} to {ranU/mulU, [, ]2}, see Proposition 3.15 and Corol-
lary 3.11. Hence, ny(04) = n+(0,), where 04 and 0,. are the trivial subspaces
in {domU/kerU, [, ]1} and {ranU/mulU, [-, ]2}, respectively. Furthermore,
the first von Neumann formula ((2.4)) implies that ny(04) = ny (ker U) and
14 (0,) = ny (ranU). Together these observations yield the statement. O

Let U be a standard unitary operator from {fi,[, |1} to {82, [, ]2}
and let 8] [+]&] be a canonical decomposition of {1, [-,-]1}. Then the proof
of Proposition 3.15 shows that U(&])[+]U(R;) is a canonical decomposi-
tion of {Ra, [, ]2}. Consequently, standard unitary operators in Krein spaces
are the orthogonal sum of two Hilbert space unitary operators. This shows
that standard unitary operators give a one-to-one correspondence between
fundamental symmetries.

Proposition 3.17. Let U be a standard unitary operator from {8, [-,-]1} onto
{82, [, ]2} Then the mapping j1 — Ui U™t is a bijective mapping from the
set of all fundamental symmetries of {R1,[-,:]1} onto the set of all fundamen-
tal symmetries of {Ra, [, ]2}

Proof. Let j; be a fundamental symmetry of {8y, [-,-]:}, then
UpnU'UHU =T and (U U HM = v-M500 = 5,01,

This shows that Uj;U~! is a fundamental symmetry for {fs,[,]o}. The
bijectivity of the mapping is clear, because for any fundamental symmetry
jo of {8, [, ]2} one has that jo = UU1j,UU ! and similar arguments as
above show that U~ 1j,U is a fundamental symmetry for {&1, [, ]1}. O
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Analogues of Proposition 3.17 hold for unitary relations with closed
domain and range. For instance, if ranU = K5, then the indicated mapping
is surjective.

The following proposition gives a characterization for unitary relations
with closed domain, cf. [3, Ch. VI: Theorem 3.5].

Proposition 3.18. Let U be a unitary relation from {81, [-,-]1} to {Ra, [, ]2}-
Then U has closed domain if and only if U maps every uniformly positive
(negative) subspace ® C domU of {81, [-,-]1} onto the sum of mulU and a
uniformly positive (negative) subspace of {Ra, [, ]2}.

Proof. (U,)q is a unitary operator from the Krein space {dom U /ker U, [-,-]1 }
to the Krein space {tan U/mul U, [-, ]2} with dense domain and dense range,
see Corollary 3.11. Clearly, (U,)q has closed domain if and only if U has
closed domain. Hence, it suffices to prove the statement for a densely defined
unitary operator.

If U has closed domain and ® C dom U is a uniformly positive (negative)
subspace, then clos (D) C dom U is a uniformly positive (negative) subspace
which is mapped by U onto a uniformly positive (negative) subspace, see
Proposition 3.8. Hence ® is also mapped onto a uniformly positive subspace.
To prove the converse implication let & [+]&] be a canonical decomposition
of {&,[-,-]}, then & = dom U = clos (dom U N &) + clos (dom U N K ), see
(4.1) below. By the assumption together with Proposition 3.8 dom U N &
and dom U N K] are closed. Hence, &; = dom UN K +domUN K, € domU
shows that dom U is closed. O

Corollary 3.19. Let U be a unitary relation from {Ri1,[-,"]1} to {&a, [, ]2}
Then
(i) if {&1,[,]1} is a Hilbert space, then domU = £y ;
(ii) of {R1,[,-]1} and {Ra, [, ]2} are Hilbert spaces, then U is a standard
unitary operator.

Proof. Clearly, (ii) follows from (i). If the assumption in (i) holds, then by
Proposition 3.18 (applied to U~!) U has closed range and, hence, closed
domain, see Proposition 3.15. Since kerU = (dom U)[J‘]1 is a neutral sub-
space, see (3.3), the assumption also implies that ker U = {0} and, hence,

domU =domU = K. O

Potapov-Ginzburg transformations, see [2, Ch. I: Section 1], can be in-
terpreted as a standard unitary operator. Therefore introduce the Hilbert

spaces {5’)17 ('7 )1} = {ﬁf X ﬁ;, ('v )1} and {527 ('a )2} = {ﬁ; X ﬁ;v ('7 ')2}7

where
(f X flag Xg/>1 = [fag]l - [f/ag/]% fage'ﬁi,—vflvg/ GRQ_;
(f X f/ag Xg/)Q = [f:g]Q - [f/ag/]h f’ge‘ﬁg_%f,?g/ e‘ﬁl_

Here & [+]8;
fori=1,2.

(3.8)

is a canonical decomposition of the Krein space {R;, [, ];},
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Proposition 3.20. Let {&1,[-,-]1} and {Re,[-,"]2} be Krein spaces with asso-
ciated Hilbert spaces {$1,(-,-)1} and {92, (:,-)2} as defined above for fun-

damental symmetries j1 and jo. Then the Potapov-Ginzburg transformation
Bj, i, defined by

Pi i {fr 9} = (P fx Py g, P g x Py f}
is a standard unitary operator from {8y, [+, |1} x {Ra, —[, ]2} to {91, (-, )1} X
{$2,=(,+)2} and for any relation H from {&y,[,-]1} to {Re, [, ]2}

Bioja (H ) = (B, (H)) "
In particular, Bj, j, maps the graph of (closed) isometric and unitary relations
from the Krein space {f1,[,:]1} to the Krein space {82, ]2} to the graph
of (closed) isometric and unitary relations from the Hilbert space {1, (-,*)1}
to the Hilbert space {92, (-, )2}, respectively.

Proof. Let f,g € R and f’, g’ € A3, then with the introduced inner products
[f7g]l - [f/ag/]Q

=[P f, P gh + [P f, Py gh = [P f, P g'la = [Py . Py g]2

= (P fx Py f',P{"g x Py g')1 — (P f' < P{ f,Py'g' x P g)a.
Hence the Potapov-Ginzburg transformation Bj, ;, is an everywhere defined
isometric operator from the Krein space {81, [, ]1} x {R2, —[, ]2} onto the
Krein space {91, (-, )1} x {2, —(+, )2}, i.e., it is a standard unitary operator,
see e.g. Proposition 3.5. Finally, the equality %;, ;, (H~) = (%;, 5, (H)) ™"

follows from Lemma 3.6 combined with an interpretation of the orthogonal
complement, cf. the arguments preceding Proposition 3.3. ([

3.5. Kernels and multivalued parts of isometric relations

Recall that for an isometric operator from { &1, [, ]1} to {8, [, ]2} one has
that ker V C (dom V)t and mulV C (ran V)2, The following statement
contains a useful consequence of the equality ker V = (dom V)Ml.

Corollary 3.21. Let V be an isometric relation from {&1,[-,-]1} to {&e, [, ]2}
which satisfies ker V = (dom V)t and let & [+]R] be a canonical decompo-
sition of {81, [+, |1} with associated orthogonal projections Pfr and P; . Then
PtdomV = & and P domV = & .

Proof. The assumption ker V = (dom V)Mt together with equation (2.2)
implies that dom V N & = ﬁli ©ker V. Since ker V' C dom V, the conclusion
follows from the preceding equalities. O

The following statement gives conditions under which the inequalities in
(3.2) become equalities given that equality holds in either of the two inclusion.

Lemma 3.22. Let V be a closed and isometric relation from {81,[,]1} to
{R2,[, ]2} Then

ker V = (dom V)l+h — mul V = (ran V)]

(ran V)[H2 CranV (dom V)[H1 CdomV
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Proof. Because V! is an isometric relations if V is an isometric relation,
it suffices to prove only one implication. Therefore, assume that kerV =
(dom V)1 and (ran V)2 C ran V. Then, clearly, (dom V)m1 C domV.
Furthermore, the assumption ker V' = (dom V) and Lemma 3.6 yield that

mul V =V (ker V) = V((dom V)*") = V(dom V)2 nran v
= (ran V)2 nran V.

Hence, the assumption (ran V)12 C ranV yields mul V = (ran V)2, O

Corollary 3.23. Let V be a closed and isometric relation from {81,[,]1}
to {Ra,[:,"]2} and assume that there exists a hyper-mazimal semi-definite
subspace £ of {&1,[, )1} such that £ C domV. Then mulU = (ranU)H>
implies that ker U = (dom U)H1,

Proof. Recall that £ C € for hyper-maximal semi-definite subspaces, see
Proposition 2.8. Hence, the assumption £ C dom V implies that

(dom V)Hh € gl € ¢ C dom V.
Consequently, Lemma 3.22 implies that ker V = (dom V)1, O

A further condition for the equality ker U = (dom U)M*It to hold is
furnished by the following lemma which will be used later.

Lemma 3.24. Let V' be an isometric relation from {&y,[,]1} to {Ra, [, ]2}
and let j1 be a fundamental symmetry of {81, ][, ]1}. Moreover, assume that
there exists a hyper-mazimal semi-definite subspace £ of {81, [, )1} such that
kerV C £ CdomV. Then ker V = (dom V)M1 if and only if j1£NdomV +

ker V' is an essentially hyper-maximal semi-definite subspace of {&1, [, |1}

Proof. Since £, being hyper-maximal semi-definite, is closed, the inclusion
ker V' C £ implies that ker V' is closed. Using this observation and the hyper-
maximality of £, it follows that &; has the following j;-orthogonal decompo-
sition:

R = S[L]l P1 (2 ﬂjlg) D1 j1(£[l]1 ©1 ker V) ®1j1ker V, (39)

cf. Proposition 2.8 (iv). Hence domV (C (ker V)*1) and (ker V)t have
the decompositions:

domV =ker V @, (£ o1 ker V) @1 (£0518) &1 (1.2H Ndom V),

(ker V) = ker vV, (€ 1 ker V) @1 (£Nn51L) @1 31 (81 61 ker V).
Since ker V is closed, ker V = (dom V)1t if and only if (ker V)M = dom V.
Hence, the above two formula lines show that ker V' = (dom V)1t if and only
if clos (j1 €4 Ndom V) = j; €M &) jiker V. Since, j1£ ©1 jiker V = (£

i1£) @ (i1 £ o1 j1ker V), it follows from (3.9) together with Proposition 2.8
that the statement holds. O
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If equalities hold in (3.2) for an isometric relation and additionally its
domain or range is closed, then the isometry must be unitary. Note that
without the condition that the domain or range is closed this is not in general
true, see e.g. Example 5.17.

Lemma 3.25. Let U be an isometric relation from {&1,[,]1} to {Ra, [, ]2}
which has closed domain or closed range and satisfies

ker U = (dom U)* and mulU = (ran ),
Then U 1is a unitary relation with closed domain and range.
Proof. Assume that U has closed range, then the assumptions and (2.6) yield
dom U™ € dom UM = (mul clos (U))*2 € (mul )42 = ran U.

Therefore U is unitary by Proposition 3.5 and U has closed domain by Propo-
sition 3.15. The case that U has closed domain follows by passing to the
inverse. 0

Finally, some additions to Proposition 3.5 are given, cf. [6, Section 2.3].

Corollary 3.26. Let U be an isometric relation from {81, [, |1} to {8, [, ]2}
Then

(i) U is a unitary operator (not necessarily densely defined) if and only if
ran U™ C domU and tan U = Ra;
(ii) U is a unitary operator with closed domain (not necessarily densely

defined) if and only if (dom U)H C dom U and ranU = Rs.

Proof. (i): Since Tan U C (mulU)H2 for any isometric relation U, see (3.2),
(i) can be obtained from Proposition 3.5.

(ii): If U is a unitary operator, then by (3.3) (domU)H*h = kerU C
dom U and by (i) Tan U = Rs. Hence, necessity of the conditions follows from
the fact that the domain and range of a unitary relation are simultaneously
closed, see Proposition 3.15.

Conversely, if (dom U)+1 € dom U and ranU = Ry, then mulU = {0}
by (3.2) and, hence, kerclos (U) = (dom U)*1 by Lemma 3.22 (applied to
clos U). Moreover, the assumption (dom U )M1 C dom U also yields that

ker clos (U) = (dom clos (U))* = (dom )]t C dom U.

Consequently, ker U is closed and, hence, U is unitary by Lemma 3.25. [

In view of Proposition 3.5 and Lemma 3.22, the following statement is
also true (cf. [6, Corollary 2.6]):

1 & om CranU, om PCdomU, TtanU = Rs.
i dom U U, (domU)H1 € domU. U=4#
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4. Unitary relations and the Weyl identity

In order to further investigate unitary relations it is shown that they satisfy a
geometrical identity, the Weyl identity, which is shown to characterize unitary
relations. This identity is then used to obtain a quasi-block decomposition of
unitary relations and to split unitary relations.

4.1. Unitary relations and the von Neumann formula

As a consequence of interpreting unitary relations as hyper-maximal neu-
tral subspaces, the second von Neumann formula gives rise to the following
statement.

Proposition 4.1. Let U be a unitary relation from {81, [, ]1} to {Ra, [, ]2}
and let & [+]8; be a canonical decomposition of {fi,[-,-]i} with associated
orthogonal projections Pi+ and P, i1=1,2. Then

(P x Py)gr(U) = & x &5 and (P; x Py )er(U) = 8] x /.
In particular,

clos (domU N /) =domU N KL and clos (ranU N &Y) =tan U N K.

Proof. Note first that (8] x 85 )[+](&] x £7) is a canonical decomposition of
{81 % Ra, [, ]1._2}, see (3.4), with associated orthogonal projections P;" x Py~
and P X P2+ , and recall that gr(U) is a hyper-maximal neutral subspace of
{R1 X R9,[,"]1,—2}, see Proposition 3.3. These observations together with
Proposition 2.5 show that the first assertion holds.

Using the proven equalities and the hyper-maximal neutrality of gr(U),
Corollary 2.12 (applied to £ = domU x ranU and 9 = gr(U) with P+ =
P;" x Py and P~ = P, x Py) yields that

clos ((dom U x ranU) N (& x &) = clos (dom U x ranU) N (&) x & );
clos ((domU x ranU) N (&) x &7 )) = clos (dom U x ranU) N (& x £ ).

This shows that the final assertion holds. O

With the notation as in Proposition 4.1, Proposition 4.1 combined with
Proposition 2.14 shows dom U has the following direct sum decompositions:

domUNK +U HranUNRKR,) =domU = domUNRK; + U (ranU N KY),

see also [4, Theorem 3.9]. Furthermore, Proposition 4.1 combined with the
first von Neumann formula (2.4) yields

dom U = ker U + clos (dom U N &) + clos (dom U N K), (4.1)

see also [6, Lemma 2.14 (ii)]. Combining (4.1) with the last equalities in
Proposition 4.1 yields the following equalities:

AL = PFker U + clos (dom U N /7). (4.2)



Working Papers 23

On the other hand, if an isometric relation V satisfies (4.1) and kerV =

(dom V)1 then, clearly,
clos (dom V N &F) = dom V N &T; (4.3)
clos(ranV N &Y) =tan V N /F. '

The following statement gives an alternative condition for (4.3) to hold.

Corollary 4.2. Let V' be an isometric relation from {&1,[-,-]1} to {&Re, [, ]2}
and assume that there exists a hyper-mazimal semi-definite subspace £ of
{R1,[, )1} such that £ C dom V. Then clos (dom V N &) = dom V N K.

Proof. This follows directly from Corollary 2.12 (applied to £ = dom V and
M= ¢, and £ =domV and 9 = £ltln). O

The following theorem shows that the first two equalities in Proposi-
tion 4.1 almost characterize unitary relations among the set of all isometric
relations.

Theorem 4.3. Let U be an isometric relation from {81, [, -]1} to {Ra, [, ]2}
Then U is unitary if and only if there exist orthogonal projections Py and P
in {81, 1} and {Ra, [, ]2}, respectively, such that

(i) (dom U)[J‘]1 CkerU and (ran U)[J‘]2 CmulU;

(ii) (P X P2)(domU x ranU) C (P; x Py)gr(U);
(iii) (I = P1) x (I = P3))(domU x ranU) C (I — P1) x (I — Py))gr(U);
(iv) PidomU = PidomU and PyranU = PyranU.

Proof. Let & [+]8&; be a canonical decomposition of {&;,[-,];} with associ-
ated projections P;" and P, , i = 1,2. Then necessity of the condition (i) is
clear by (3.3) and the conditions (ii) and (iii) are satisfied for P, = P;" and
P, = P;r by the first two equalities in Proposition 4.1. Those same equalities
in Proposition 4.1 show that P{"domU = & and Py ranU = &, which
shows that (iv) holds.

Conversely, observe first that by Proposition 2.14 condition (iii) is equiv-
alent to

domU = U~ (ranU Nran P,) + (dom U Nran P). (4.4)
Now assume that f € £ and f' € Ry satisfy [f,g]1 = [f’, ¢']2, for all {g,¢'} €
U. Then f € (ker U)* € domU and f’ € (mulU)H2 C vanU by (i). By
(ii) and (iv) there exists a {h,h'} € U such that Pih = P, f and Poh/ = Py f’.
Consequently,

[(I=P)(f=h), gl = [f=h,gls = [f' =1, gl = [T P2)(f' =), g']2, (4.5)
for all {g,¢'} € U. If g € dom (U Nran P;), then the inner-product on the
lefthand side of (4.5) is zero. If ¢’ € ran (U Nran P;), then the inner product
on the righthand side of (4.5) is zero. Hence, (4.4), (4.5) and (i) imply that
f—h € (domU)*Hr C ker U and f'—h' € (ran U)[J‘]"’ C mulU. Consequently,
{f,f'y={hW}+{f—h,0}+{0,f —Rh'} € U and, hence, U is unitary, see
Proposition 3.2. O
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4.2. The Weyl identity

Here it is shown that a unitary relation satisfies an identity which will be
called the Weyl identity. The reason for this name is that it is the abstract
equivalent of the so-called Weyl function (or family) which plays an important
role in the study of spectral properties of extensions of symmetric operators,
see e.g. [6, Definition 3.3].

Proposition 4.4. Let U be a unitary relation from {8&1,[,]1} to {R, [, ]2}
and let 8 [+]R] be a canonical decomposition of {&1,[,-]1}. Then the Weyl
identity holds:

U(domU N &F) = (U(dom U N &7)) 2

In particular, U(dom UNRK]) and U(dom UNKY) are a mazimal nonnegative
and mazimal nonpositive subspace of {Ra, [, |2}, respectively.

Proof. Let & [+]8&; be a canonical decomposition of {s, [-,-]2} and let P;"
and P, be the projections associated to &; [+]&;, i = 1,2. Then by Propo-
sition 4.1
(P;" x Py)(domU x ranU) C (P;" x Py )gr(U) = & x &5 .
Hence Proposition 2.14 (with P, = P;" and P, = P; ) implies that
Py U(domU Nker P) = PyranU = &5 .

Hence, U(domU N K] ) is a maximal nonpositive subspace of {fs,[, ]2}
Similar arguments show that U(dom U N &) is a maximal nonnegative sub-

space of {Rg,[-,-]2}. Moreover, evidently domU N & C (domU N K ).
Therefore, applying U and using Lemma 3.6 yields

U(domU N &) € (U(dom U N &7 ))H2 nran U

Since U(dom UNK]) and (U(dom UNKT ))!H2 are both maximal nonnegative,
see Proposition 2.4, the Weyl identity follows from the previous inclusion. [J

Note also that the equality (dom U N &) N (dom U N &) = {0} yields
U(domU N &) NU(domU N Ky ) = mulU. (4.6)

Remark 4.5. For an isometric relation V' (4.6) remains true. In general Propo-
sition 4.4 does not hold, but instead the following inclusions hold:

V(domV N &) C (V(domVﬁﬁf))m2 NranV; )
V(domV N &) C (V(domV N &F))™? nran V. '

Since clos (dom V' N Rli) NdomV =domV N ﬁli, Proposition Proposition 3.8
implies that V(dom V N &) and V(dom V N &) are closed if V is a closed
isometric relation. Furthermore, equalities hold in (4.7) when clos (dom V N
ﬁli) = clos (dom V) ﬁﬁli. These last equalities hold for instance if there exists
a hyper-maximal semi-definite subspace £ C dom V', see Corollary 4.2.



Working Papers 25

Combining Proposition 4.4 with Proposition 4.1 yields the following
result for the defect numbers of ker U and mul U, see Definition 2.10; it is an
analog of [6, Lemma 2.14 (iii)].

Corollary 4.6. Let U be a unitary relation from {8f1,[-,-]1} to {Ra,[-,"]2}.
Then
ny(kerU) =ny(mulU) and n_(kerU) =n_(mull).

Proof. Let Ugery and Uy be the unitary operators (with closed domain
and range) associated to ker U and mulU as in Corollary 3.10. Then Corol-
lary 3.16 implies that

ni(ker U) = ni(Uke,U(ker U)) = N+ (Od);
ne(mulU) = ngy (U v (mulU)) = ny(0,).

Here 04 and 0, denote the trivial subspaces in {dom U/kerU,[-,-];} and
{ranU/mul U, [, -2}, respectively. Now note that (Uy), = Upnu U (Ukerv) ™
is a unitary operator with dense domain and dense range, see Corollary 3.11,
which maps 04 onto 0, and that ny (04) = kJ and ny(0,) = k. Here for
a canonical decomposition &} [+]&; of {domU/kerU,[,-];} and a canoni-
cal decomposition £ [+]&; of {Tan U/mulU, [-, ]2}, k7 = dim ﬁdi and kf =
dim &*. This discussion shows that the statement is proven if it is shown that
for a unitary operator with dense domain from {8y, [, ]1} to {2, [, ]2} one
has ki = k.

Under that assumption, let ﬁf [+]R] be a canonical decomposition of
{&1,[,"]1}, then dim(dom U N &) < k. Moreover, Proposition 4.4 implies
that U(dom U N &) is a maximal nonnegative subspace of {fs, [-,]a} and,
hence, dim U(dom U N &) = k3 . Since U is a injective mapping this yields
ki < ki and a similar argument yields the inequality k; < ki . Since the
inequalities k:l+ < k; and ki < k; follow by the same arguments applied to
U~1, this completes the proof. O

Now some further characterization for the closedness of the domain
of a unitary relation can be given; they are closely related to results on
Weyl families of boundary relations studied in [6]. Moreover, note that the
equivalence of (i), (ii) and (iii) goes back to [4, Theorem 3.10] and that the
characterization (vii) gives an inverse to a statement in [6, Lemma 4.4].

Proposition 4.7. Let U be a unitary relation from {Ry,[, |1} to {Ra, [, |2}

and let & [+]R] be a canonical decomposition of {R1, [, ]1}. Then equivalent

are
i) domU is closed;

(ii) domU N R is closed;

(iii) domU N Ky is closed;

(iv) U(domU N &) + [mulU] is uniformly positive in {tan U/mulU, [-,-]2};

(v) U(domU N Ry )+ [mulU] is uniformly negative in {Tan U/mul U, [-, |2 };

(vi) domU = ker U 4+ domU N & +dom U N K ;

(vii) ranU = U(dom U N &) + U(dom U N Ky );
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Proof. (i)-(v): The implication from (i) to (ii) and (iii) is clear, the equiv-
alences of (ii) and (iv), and (iii) and (v) follows from Proposition 3.8. The
equivalence of (iv) and (v) follows from Proposition 4.4, and (4.1) shows that
(ii) and (iii) imply (i).
(i)-(v) < (vi) : By (4.1) the conditions (i)-(iii) imply (vi). Conversely,
if (vi) holds, then, using Proposition 4.1, it follows that
& = PfdomU = P{'ker U + dom U N &7,

where P1+ is the orthogonal projection onto RT Comparing this with (4.2)
shows that (ii) holds.
(vi) < (vii) : This is obvious. O

Using the Potapov-Ginzburg transformation the following necessary and
sufficiency conditions for isometric relations to be unitary are obtained. Those
conditions are subsequently used to prove that the Weyl identity characterizes
unitary relations almost completely.

Lemma 4.8. Let U be an isometric relation from {fy,[,-]1} to {Ra, [, ]2}
and let & [+]8; be a canonical decomposition of {fi,[-,-]:} with associated
projection Pi+ and P, i =1,2. Then U 1is unitary if and only if

(i) U is closed, and ker U = (dom U)*t and mulU = (ran U)H1;

(ii) there exists a subspace MT C dom U N/ with clos (Pt U(MT)) = &S ;
(iii) there exists a subspace M~ C dom U NKR] with clos (P; U(MNT)) = &, .

Proof. Necessity of (i) is clear by (3.1) and (3.3). Since Py U(dom UNRL) =
&5 by Proposition 4.4, (ii) and (iii) hold for M* = dom U N &E.

Conversely, if (i)-(iii) hold, then by (i) U is a closed isometric relation.
Now let Upg be the Potapov-Ginzburg transformation of U, i.e.,

gr(UPG) :{{PfoXP;f/,P;f/ prf} : {fvf/} S U}v

see Proposition 3.20. Then Upg is a closed isometric operator from the Hilbert
space {&] x &, (+,-)1} to the Hilbert space {&] x &7, (-, )2}, see (3.8). Now
observe that the assumption (ii) implies that &5 x {0} C ranUpg. More-
over, the assumption kerU = (dom U)MH)t implies that PjdomU = S,
see Corollary 3.21, and, hence, there exists a subspace 91 C R satisfying
closMy = R, i.e., Pl ranUpg = 9] . Combining the preceding observations
shows that &5 x M C ran Upg and, hence, Tan Upg = R4 x K] . Similar ar-
guments show that dom Upg = & x & . Consequently, clos (Upg) = Upg is
a unitary operator and therefore, using the inverse Potapov-Ginzburg trans-
formation, U is unitary. (]

Theorem 4.9. Let U be an isometric relation from {81, [-,"]1} to {Ra, [, ]2}
and let & [+]R] be a canonical decomposition of {1, [-,-]1}. Then U is uni-
tary if and only if

(i) U is closed;

(ii) ker U = (dom U)H;

(iii) U(domU N &) = (U(dom U N 7)) 2
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Proof. Necessity of the conditions (i)-(iii) follows from (3.1), (3.3) and Propo-
sition 4.4. Conversely, if (iii) holds, then

(ranU)H)2 € (U(domUﬂﬁf))[H2 =U(domU N &) C ranU.

By Lemma 3.22 this result combined with the assumptions (i) and (ii) show
that mul U = (ran U)2. As a consequence of Proposition 3.8 U (dom UNAKY)
and U(dom U N &) are closed and, hence, assumption (iii) combined with
Proposition 2.4 implies that U(dom UN&KY) and U(dom UNK] ) are a maximal
nonnegative and nonpositive subspace of {Ra, [, ]2}, respectively. Hence the
sufficiency of the conditions (i)-(iii) follows now from Lemma 4.8. O

Geometrically Theorem 4.9 says that closed isometric operators with
dense domain are unitary precisely when they map essentially uniformly def-
inite subspaces onto maximal definite subspaces. It can be seen as an abstract
extension of [6, Proposition 3.6].

4.3. A quasi-block representation for unitary relations

Here a quasi-block representation for unitary relations is given which is based
on the Weyl identity. That representation is an extension of the representation
for standard unitary operators in [2, Ch. II: Theorem 5.10]. To obtain that
representation two lemmas will be used.

Lemma 4.10. Let U be a unitary relation from {f1,[-,-]1} to {Ra, [, ]2} and
let T [+]R] be a canonical decomposition of {1, [-,-]1}. Then £ = kerU +
domU N & +domU N R is a core for U, i.e., clos (U [¢) = U.

Proof. Note that U, := U [g¢ is an isometric relation which satisfies

U,(dom U, N &) = (Up(dom U, 1 £7)) 2. (4.8)

Because, by definition, dom U, N & = dom U N &F and U satisfies (4.8) by
Proposition 4.4. Since dom U, = dom U, see (4.1), it follows from (3.3) that

ker U, = ker U = (dom U)*1 = (dom U,.) 1,

Consequently, clos U, is a closed isometric relation satisfying the conditions of
Theorem 4.9, i.e., U, is unitary. Since U,. C U, this completes the proof. [J

For the following statement recall that for an everywhere defined con-
traction K from the Hilbert space {$1, (-, )1} to the Hilbert space {2, (-, )2}

ker (I — K*K) =40} if and only if ker(/ — KK*)={0}. (4.9)
Lemma 4.11. Let {&,[-,]} be a Krein space with fundamental symmetryj and
let RT[+]R™ be associated canonical decomposition of {R,[-,-]}. Moreover,

let K be an everywhere defined contractive operator K from {&%,[,-|} to
{R™,—[,"]} with ker (I — K*K) = {0}. Then Uk defined as

Uk = clos ((II( I?) <(I_KO*K)_; (IKOK*)§>)
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is a unitary relation in {&, [, ]} with ker Ux = {0} = mulUk and
Ug(domUg NKY) = {ft + KfT: ff e &}
Ux(domUgN& ) ={f"+K"f":fT €f}.
Furthermore, U = jUE]j.
Proof. In this proof the following notation will be used
Dk =(—K*K)™* and Dg-=(I—KK*) 2. (4.10)
Step 1: With respect to the decomposition &7 x &~ of &, define S and T as

(I K* _ (Dg 0
S_<K I) and T—<0 DK*>'

Then S is an everywhere defined operator and, hence, by Lemma 2.13

b _ el — (Px 0 I —-K
st it - (%6 0 Y (1K)

Consequently, V := ST satisfies
sy — (Dx 0 I —K*\(I K*\(Dx 0
0 Dk~ -K I K I 0 Dg-
(Dx 0\ [I-EK'K 0 Dk 0\ _,
"\ 0 Dg- 0 I-KK* 0 D)  TdomV:
This shows that V' is an isometric operator in {&, [, -]}. Moreover, the con-
dition ker (I — K*K) = {0} implies that V has dense domain, see (4.9) and
(2.6). Consequently, (3.2) implies that (dom V)t = {0} = ker V.
Moreover, evidently, domV N AT = D and domV N &~ = Dg-~, and
ran (I — K*K)~2 = & and ran (I — KK*)~2 = &, . Hence
V(domV N&Y) ={fT+Kft:fH et}
V(domVNR)={f"+K"f :f €l }.

These equations show that V (dom VN&F) and V(dom VNAK; ) are a maximal
nonnegative and a maximal nonpositive subspace, respectively, and that

V(domV N &) = (V(domV N &)L,

see Proposition 2.4 and the discussion following that statement. Consequently,
Urx = clos(V) is unitary by Theorem 4.9 and, since V(domV N £5) N
V(domV N Ky ) = {0}, it follows from (4.6) that mul Ux = {0}.

Step 2: Next observe that (I — KK*)K = K(I — K*K) and that (I —
K*K)K* = K*(I — KK*). Hence,
(I-KK*)K=K(I-K*'K)? and (I-K*'K)?K*=K*"(I—-KK*)?,
and, consequently,

KDy = Dg+Kljomp, and K'Dg+ = DK Ijom Dy -
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Now define £ = dom Dg x dom D+, then using the above equalities

V_<KDK Dy )‘ ( 0 DK*> (K I) e =iUk) le -

Since jUE]j is a unitary operator, see Lemma 3.9, and, hence, closed, the

above equation shows that Ux = clos (V) C jUE]j. In fact, since Uk is also a

unitary operator, the preceding inclusion yields that Ux =jU g] j. O

Theorem 4.12. Let U be a unitary relation from {81,[, |1} to {82, [, ]2}
with kerU = {0} = mulU and let 85 [+]R; be a canonical decomposi-
tions of {Ra,[-,-]2}. Then there exists a standard unitary operator U, from
{R1, [, 1} to {Ra,[:,"]2} and an everywhere defined contractive operator K
from {83, [, ]2} to {&y, [, ]2} with ker (I — K*K) = {0} such that with
respect to the decomposition ﬁ; x R of Ra

it (5 )OI ey )

Proof. Let U be a unitary operator with ker U = {0} and let & [+]&] be a
canonical decomposition of {8, [-, -]1 }. Then by Proposition 4.4 and 2.4 there
exists a (unique) contractive operator K from {87, [,-]o} to {&5, [, ]2}
such that

U(domUNK) = {fy" + Kf; : f7 € &}

U(domUNAY) ={fy +K*fy : f; € & }.

Here ker (I — K*K) = {0}, because by (4.6) {0} = U(domU N &) N
U(domU N K7 ). With this K, let Ux be the unitary operator in {82, [-, ]2}
with mul Ux = {0} given by Lemma 4.11 and define £ to be domU N K +
domUNAK]. Then ran (U [¢) C ran Uk and, hence, UI;IU [ ¢ is an isometric
operator, see Lemma 3.9, which satisfies

U (U T1¢)(dom U N &) = dom (I — K*K)~% x {0};
U (U Te)(domU N /) = {0} x dom (I — KK*)~3.

Now observe that domU N & and dom (I — K*K)~2 are dense in the
Hilbert spaces {&],[,-]1} and {&],[:, ]2}, respectively, and domU N &
and dom (I — KK*)"2 are dense in the Hilbert spaces {&],—[-,-]1} and
{R3,—[,"]2}, respectively, see Proposition 4.1. Hence there exists standard
unitary operators U," and U; from {&,[,-]1} to {8&7,[, ]2} and from
{&7, =1} to {8y, —[, ]2}, respectively, such that with respect to the
decompositions & x & and & x £, of & and £, respectively, U; :=
clos (Up'U I¢) = U;” x Uy, ice., U C UgUy. Since Uy is a standard unitary
operator, U U, is unitary by Lemma 3.9 and, hence, the inclusion U C Ux Uy
yields that U = Uk Us. O

In particular, Theorem 4.12 combined with Lemma 4.11 shows that if
U is a unitary operator in {&,[-,-]} without kernel and j is a fundamental
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symmetry of {&, [-,-]}, then there exists a standard unitary operator U; in
{&,[-,"]} such that (UU; ") = (UU; )~ = (UU;')* (where the x-adjoint
is with respect to the inner product {8, [j-,-]}). Le., up to standard unitary
transformation unitary operators without kernel are "unbounded fundamen-
tal symmetries”.

Remark 4.13. Theorem 4.12, see also the discussion below, shows that unitary
relations can be classified by the nature of the spectrum of an associated
contraction K at 1.

The condition ker (I — K*K) = {0} in Theorem 4.12 can be dropped by
allowing U to have a kernel and a multivalued part. In that case the repre-
sentation for unitary operators in Theorem 4.12 remains valid for arbitrary
everywhere defined contractions K if the operator

((I - KO*K)’% - KOK*)—é>

occurring in that representation is interpreted as having the following graph

or (((I—K;K)(é) ([—Kg(*)(_é)>) + {(Uif) fe IC} x (’%) ,

where K = ker (] — K*K) and K = ker (I — KK*), (I — K*K)2) and
(I-KK *)(*%) denote the Moore-Penrose inverses of the respective operators,
and Uy is a unitary operator from {87, [,-]o} to {85, —[,-]2} such that
Uk (K) = K. In particular,

mulU = {f+Kf:feK}={f+K"f:fek};
ketU =U*({f +Uxf: feEK}).

The above discussion shows how to obtain representations for a unitary re-
lation U from {8, [, ]1} to {&a, [, ]2} when & = kf and dim PFkerU =
dim Pzimul U. Representation of unitary relations for which these equalities
do not hold can be obtained by composing them (on the domain side) with
unitary operators with closed domain as furnished by Lemma 3.10.

Theorem 4.12 together with the above discussion can also be interpreted
as a realization result for maximal nonnegative and nonpositive subspaces (or,
equivalently, for maximal dissipative or accumulative relations). Therefore
observe that if £ is a closed neutral subspace of {&,[-,:]} with fundamen-
tal symmetry j, then £ is a hyper-maximal neutral subspace of the Krein
space {£+jL,[-, -]} and £ x £ is a unitary relation in {£+j&, [, ]}, see e.g.
Lemma 3.25.

Theorem 4.14. Let I or M~ be a mazimal nonnegative or nonpositive sub-
space of {&, [, |}, respectively, and let R [+]R~ be a canonical decomposition
of {&,[,:]}. Then there exists a unitary relation U in {&,[-,-]} such that

Mt =U(domU NKY) or M =U(domUNK™),
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respectively. If Uy and Us are two unitary relations satisfying the above condi-
tions, then clos (U *Uy) is a unitary relation in {8, [-, "]} with closed domain.

Proof. Let j be the fundamental symmetry associated with the canonical
decomposition &1 [+]R~ and let 9 be defined as M+ N (M), Clearly, My
is a closed neutral subspace of {&, [, -]} and by means of this neutral subspace
define Ry = My + )My and K, = &N ﬁ#]. Then {8y, [-,"]} and {R,, [, ]}
are Krefn spaces and & [+]&; = (87 N Ko)[+](R~ N Ky) and & [+]/, =
(BT N R,)[+](R™ N K,) are canonical decompositions for these spaces.

Now let K, be the angular operator of 9™ N &,, i.e.,

MENR ={fF+K.fF:fF e}

Since MM+ N (MHH N &, = {0}, it follows that ker (I — K*K,) = {0}.
Hence, Uk, is a unitary operator in {&,,[, |} such that Uk, (domUg, N
K =Mt N K, see Lemma 4.11. Since Uy defined via gr(Up) = My x My
is a unitary relation in {fo, [, ]}, Lemma 3.12 shows that U defined via
gr(U) = gr(Uo) + gr(Uk,) is a unitary relation in {&,[,-]}, which clearly
satisfies U(dom U N &) = M*. Similar arguments can be used to show the
existence of a unitary relation U such that U(domU NK~) =M.

Finally, let U; and Us be unitary relations such that U (dom U; N&T) =
M+ = Uz(dom Uy N RT), then Uy(domU; N A7) = Us(dom U N A7), see
Proposition 4.4. Hence, clos (U; 'U}) is an isometric relation which maps
clos (dom U; N &%) onto clos (dom Uy N &) + ker Us. In particular, since
(clos (dom Uy N &T) 4 ker Us) 2 = clos (dom Uy NR7) by (4.1), clos (U, *Uy)
satisfies the Weyl identity. Furthermore, since clos (ker Uy + dom Uy N &' +
domU; N &™) = dom U; by (4.1), it follows that

ker U; Uy = ker Uy = (dom Uy)H = (dom U 101

Consequently, Theorem 4.9 implies that clos (U, 'U;) is a unitary operator
which has a closed domain by (the proof of) Proposition 3.18. O

4.4. Intermediate extensions of unitary relations

A unitary relation Ui is called an intermediate extension of the unitary rela-
tion U if ker U C ker U and the action of U coincides with the action of U on
dom U & ker U. Here it will be shown, using the Weyl identity, that interme-
diate extensions are closely related to the splitting of unitary relations into
two unitary relations.

Therefore first observe the following simple result.

Proposition 4.15. Let U be a unitary relation from {81, [, |1} to {Ra, [, ]2}
and let & [+]8; be a canonical decomposition of {fi,[-,-]:} with associated
projections Pi+ and P, i =1,2. Moreover, let £1 and £, be closed subspaces

of ker U and mul U, respectively, and assume that there exist subspaces MT C
domU N KT and M~ C domU N Ky such that

(i) PLUMY) and Py, U(IM™) are closed;
(i) P, U C PyUOR) and PFUOR) C PFUORT).
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Then U defined by
U={{f+g fYeU:fecclosM +MmM), f €Ly gec L}

is_a unitary relation from the Krein space {&1, [ 1} to the Krein space
{Ra, [, ]2}, where &1 = clos (MT+M ™) +(L1+j1£1) and Re = (PFU )+
Py UN)) N (L2 +j2L2)H .

Proof. Note first that by definition and the assumptions (i) and (ii) {&1,[ 1}
and {f,[,-]2} are Krein spaces and that U is closed being the intersec-
tion of U with ﬁl X Rz Moreover, since M+ + M~ € (ker U )[“ , it fol-
lows that ker U = (dom U)*) n :él. Furthermore, the assumptions (i) and
(ii) imply that U(OMT) and U(M ™) are a maximal nonnegative and maxi-
mal nonpositive subspace of the Krein space Py U (1) + P, U(9M™)). Since
€ € mulU C UT) N U, it follows that T(MT) = U@MT) N Ky
and U(9M~) = U(9M~) N Ky are a maximal nonnegative and maximal non-
positive subspace of {&s, [-,-]2}. Since U(M*) C (U(M~))H2, see Proposi-
tion 4.4, the maximality of U(M*) and (7(93?‘) now implies that U(9+) =

U (m- )[“2 N K. Hence, Theorem 4.9 yields that Uis a unitary relation. [

The splitting result is now given; it partially strengthens Lemma 3.12.
Theorem 4.16. Let U be a unitary relation from {R,[-,-]1} to {Ra, [, |2},
let {Ri, [, Ji}[+{&i. [, ]i} be an orthogonal decomposition of {8, [-,-];} into
two Krein spaces, for i = 1,2, and define U and U via

gr(U) = gr(U) N (R x Kp)  and  gr(U) = gr(U) N (81 x Ka).
Then U is unitary if and only if U is unitary.
Proof. W.l.o.g. assume that ker U = {0} = mul U. Furthermore, let & [—l—];i;
and R [+]R; be canonical decomposition of {&;,[-,-];} and {&;, [, ];}, re-
spectively, for ¢ = 1,2. Denote the associated canonical decomposition of
{&,[:} by & [+]R; and let P;" and P, denote the associated projec-
tions, 1 =1, 2.

Clearly, to prove the equivalence it suffices to prove only one implication.
Hence assume that U is unitary. Define U+ as

Ut ={{f,fYeU:fedomUNK and Py f € &}
then Pjran U = R, see Proposition 4.4. If {f, f } e Ut and {g,g'} €U
where g € dom U N &, then [f,g]; = 0 and [Py f’, P, g']a = 0. Therefore

0:[f79]1:[f79]2:[P2fa 29}2~

Since U is unitary, P_U(dom U NRy) = EQ_ and, hence, the previous equality
1mphes that Py f € (8;)H2nR; = RQ i, ranUt C Ro. Now if {9,9'} €
U, where g € dom U N &7, then, since ran UT‘“ C Ry = ﬁ[;‘h,

£, =1f9'l2=0.
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This shows that f € (dom U N &) = (&) = &, see (4.2).
The above arguments show that U} C U and, hence, Py U (domU N
8 = ﬁ+ and P, U(dom U N C RQ By similar arguments P U (dom UN

Ry) = RQ and P+U(domU NKy) C ,QZ Therefore U is unitary by Propo-
sition 4.15. O

Next it is indicated how the splitting of unitary relations into two
unitary relations can be used to obtain intermediate extension. Therefore
let U be a unitary relation from {&,[,-]1} to {&s,[:,-]2}. Moreover, U
and U be as in Theorem 4.16 and assume that they are unitary. Then by
Proposition 5. 4 below there exists hyper-maximal semi-definite subspaces £1
and £, of {ﬁh[, ] } and {ﬁg,[, ]2} such that kerU C £; C domU and
mulU C £, C ranU respectively, and U(£1 Nj1£1) = (£2Nj2Ls) + mulU.
Hence

{r+g+h ' +d +k:{f [ el {99} €U,

g€ LN, he et kel
is an intermediate extension of U. This shows how a splitting of a unitary
relations gives rises to intermediate extensions; the converse is obvious.

5. Structure of unitary relations

In this section the structure of unitary relations is investigated by means
of a graph decomposition. This decomposition is thereafter used to obtain
different necessary and sufficiency conditions for isometric relations to be
unitary. In particular, a block decomposition for unitary operators without
kernel is obtained.

5.1. A graph decomposition of unitary relations

The graph decomposition of unitary relations in Theorem 5.1 below is the
main result here; it is inspired by [4, Lemma 4.4]. The difference is that here
the graph of a unitary relation is decomposed whereas in [4] only the domain
of a unitary relation was decomposed.

Theorem 5.1. Let U be a unitary relation from {R,[-,-]1} to {82, [, ]2} and
let & [+]R; be a canonical decomposition of {&;, [, ]:} associated to the fun-
damental symmetry j;, for i =1,2. Define Uy and U_ as

gr(Uy) = gr(U) N (& x &) and gr(U-) = gr(U) N (& x £7).

Moreover, with &1 = £ N (ker U + jiker U + dom U, + domU_)H and
Ro = RoN(mulU + jomul U + ran Uy + ran U,)[L]Z, define U, as

gr(U,) = gr(U) N (R X Ky).
Then U has the graph decomposition
gr(U) = (ker U x mulU) + gr(Uy ) + gr(U-) + ¢gr(U,),
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where

(i) Uy and U— are (Hilbert space) unitary operators from {dom U, [, ]1}
and {domU_, —[-,]1} to {ranUy,[-,"]2} and {ranU_, —[-, ]2}, respec-
tively. In particular, gr(Uy )+gr(U_) is the graph of the standard unitary
operator U, defined by

Ue={f.fYeU1f, 9.1 =[2f" 92, V{g.g'} €U}
from the Krein space {dom U, [-,]1} to the Krein space {ranU,, |-, |2};
(ii) U, is a unitary operator from the Krein space {fy,[,-]1} to the Krein
space {Ry, [, |2} with dense domain and dense range. Moreover, there
exist hyper-mazimal neutral subspaces £4 and £. of {R1,[-,-]1} and
{EQ, [, ]2}, respectively, such that

domU, = £4 1 j1LgNdomU,) and ranU, = £, B2 (jo£, NranU,)
Uo(Lq) =j2&r NranlU, and U,(j1L£4NdomU,) = £,.
In particular, %f = Ef = 75; = %;,

Proof. Note first that the stated graph decomposition of U is a consequence
of (i). Secondly, note that ker U x mulU is the graph of a unitary relation
from {kerU + j1ker U, [-,-]1} to {mulU + jomulU, [-, ]2}, see the discussion
preceding Theorem 4.14.

(i): The first part of the statement is immediate by Proposition 3.8.
Furthermore, by Proposition 3.2 it follows that {f, f’'} € U. if and only if
{31f,i2f'} € U. Consequently, {f, f'} € U. if and only if {j1 f,j2f'} € U.. By
means of this observation the second part of (i) is clear. (Note that gr(U.) =
gr(U) N gr(U).)

(ii): Since ker U x mulU, U and U_ are unitary relations, Lemma 3.12
implies that U, is a unitary relation. In fact, it is evident that U, and also
U, ! are unitary operators. The final dimension result follows directly from
the existence of the indicated £4 and £, cf. Lemma 3.24. The existence of
these sets and their indicated properties will be proven next.

Step 1: Let A := j1U; Y2U,, then A = U*U, where U} is the adjoint
of U, as an operator from {Ry, [j1-,]1} to {Ra,[j2,]2}. Since U, is a closed
operator, A is nonnegative sefadjoint operator in {81, [j1-,]1}. Moreover, a
direct calculation shows that A=! = j; Aj;.

Step 2: Define the operators V;, and V as

Vi = {{f7 Uof} el,: [j1f7 g]l < [j2U0f7 Uog]27 Vg € dom Uo}?
V!J = {{f7 Uof} el,: [jlfa 9]1 > [j2U0f7 Uog]2, Vg € dom UO}.

Then Vi, NV, = {0}, see the definition of U, in (i), and being restrictions
of the unitary operator U,, V}, and V, are isometric operators. Moreover, by
their definition and the closedness of U,, it follows that V) and V, are closed
operators.

Next let £ := dom (U, !j2U,), then

o

Uy(£) = ran U,Ndom (U, Yj5) = ran U,Njoran U, D ran Uoﬁkg—i—ran Uomlﬁ';.

o
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Hence, Lemma 4.10 implies that U,(£) is a core for U, !, i.e. £ is a core for

U,. Now, with A =j;U, joU, as in Step 1, one has that
domViyNL={fedomA:[j1f,gl1 <[1Af, gl1, Vg € domU,};
domVyNE={fedomA:[j1f gl = [1Af g1, Vg € domU,}.

Step 3: Now using the spectral family of A (see Step 1) yields that
L£=domV; NLB domV, N L.
Consequently, by definition of Vj, and Vj,
Uo(£) = ran Vi, N Uy (L) @2 ran Vy N UL(L).

Hence, using the fact that £ is a core for U, and that V}, and V are closed
isometric operators, one has that

gr(U,) = closgr(Us, [¢) = closgr(Vi g) + closgr(Vy T¢) = gr(Vi) + gr(Vy)
and, consequently,
dom Vj, @1 domV, =domU, and ranVj @sranV, =ranU,. (5.1)
Step 4: Next observe that the equality A=! = j; 4j; (see Step 1) implies that
clos (dom V, N £) = jiclos (dom V, N £). (5.2)

This equation together with (5.1) shows that dom V4, and dom V, are neutral
subspaces of {?il, [,-]1} and, hence, the definition of V;, and Vj imply that
ran Vi, and ran V; are neutral subspaces of {Rs,]-,]2}- Since Vj is by definition
a closed bounded operator from {1, [j1-, -1} to {clos (ran Vy), b2+, )2}, La ==
dom V} is a closed neutral subspace of {&1,[-, "1} Hence, (5.1), (5.2) and the
fact that ker U, = {0} imply that

1 = dom U, = dom V}, @ clos (domVy) = £4®j1L4.

This shows that £4 is a hyper-maximal neutral subspace of {:él, []1} A
similar argument shows that £, := ranVj is a hyper-maximal neutral sub-
space of {Ra,[,-]2}. Finally, £4 and £, satisfy the further stated properties
as a consequence of (5.1). O

Remark 5.2. The above proof shows that there is a close connection between
unitary relations without kernel and multivalued part, and nonnegative self-
adjoint operators in Hilbert spaces, cf. [4, Theorem 3.6] and Section 4.3.

Since the unitary relations ker U x mulU, Uy and U_ are easily under-
stood, the above theorem shows that (from a theoretical point of view) the
most interesting unitary relations are those with dense domain and range in
a Krein space {f,[,|} with kT = k~. Furthermore, Theorem 5.1 shows
that if U is a unitary relation such that ker U does not have equal de-
fect numbers, then there exists uniformly definite subspaces ©; and ©5 of
{&1,], 1} and {&, [, ]2} such that U(D;) = Dy +mulU and U defined via

gr(U) = gr(U)N (ZD[IJ']1 X CD[;']Z) is a unitary relation from {&; N ’D[IJ']I, [, )1}
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to {R2 N D[;‘]z, [,:]2} whose kernel (and multivalued part) has equal defect
numbers.

The subspace £4 in Theorem 5.1 has the following special properties.

Proposition 5.3. Let U be a unitary relation from {R1, [, ]1} to {Ra, [, ]2}
and let £4 be the closed neutral subspace as in Theorem 5.1 for fixed fun-
damental symmetries j1 and jo of {&1,[,-]1} and {8Ra, [, |2}, respectively.
Then

(i) U has closed domain if and only if U maps some (any hence every)
closed neutral subspace £ of {R1, [, ]1} which extends £4 onto a closed
neutral subspace of {Ra, [, ]2};

(ii) £:=kerU + £4 is such that ker U C £ C £t C domU;

(iii) if £ is a neutral subspace of {R1, [, ]1} such thatkerU C £ and £4 C £
or1LgNdomU C £, then

ni(£) =ny (UL) and n(£)=n_(U(L)).

Proof. In this proof the notation as in Theorem 5.1 is used.

(i): By Theorem 5.1 a closed neutral extension of £4 can be written as
ker U1 £4P1 911, where 915 is a closed neutral subspace of dom Uy +dom U_.
This extension is mapped onto mul U @3 (jo£, Ndom U) @ Mg, where Ny is a
closed neutral subspace of ran Uy + ran U_ (because U} + U_ is a standard
unitary operator). Consequently, this subspace is closed if and only if j2 £, N
dom U is closed, which by Theorem 5.1 is the case if and only if ran U,,. Since
ran U, and ranU are simultaneously closed, this proves the statement, see
Proposition 3.15.

(ii): Since £4 is hyper-maximal neutral in {&;,[,-]1}, it follows from
Theorem 5.1 that (£4)* = €4+ dom U, 4+ domU_ +kerU C dom U.

(iii): This follows from the fact that the defect numbers of ker U + £4
and U(£y) coincide (since clos (j2£, NranU) is hyper-maximal neutral in
{R2,],]2}), combined with Corollary 3.16 and Lemma 3.12. O

Next let £4, Uy and U_ be as in Theorem 5.1, and let DT := dom U,
and ®~ := dom U_. Then, see Section 4.4, U; defined as

U ={{f+h f +k}:heckerU+ &4, k € clos (U(L£4)),
{f.f}eU fed"+27}

is a unitary relation from {81, [-,-]1} to {82, [, ]2}. In particular, if D% and
®~ have the same dimension, then there exists a hyper-maximal neutral
extension of ker U which is contained in dom U'. If their dimensions are greater
than the cardinality of the continuum, then, clearly, there exists maximal
neutral subspaces contained in the domain of U; (and hence in the domain
of U) with arbitrary defect numbers smaller than or equal to max(D+, D7),
cf. [4, Theorem 4.3].
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5.2. A block representation for unitary relations
Let U be a unitary relation from {&1,[-,-]1} to {&a,[-,-]2} and let & [+]&;
be a canonical decomposition of {&;, [, ];} with associated fundamental sym-
metry j;, ¢ = 1,2. Then define df;(j1,j2) and dy; (j1,j2) as
df;(i1,32) = dim{f € & : 3f' € &F s.t. {f, f'} e U};
di;(i1,j2) = dim{f € &y : 3f € & st. {f, f'} e U}.
Now Theorem 5.1 shows that if n_(kerU) > ny(kerU) or n_(kerU) <
ni(kerU), see Definition 2.10, then df;(j1,i2) > dg(1,j2) or df;(i1,j2) <
dy;(j1,2) for all j; and jo, respectively. Furthermore, if there exist j; and
jo such that df;(j1,i2) = di;(1.i2), dii(1.2) > dp(1,i2) or dfi(it,i2) <
dy;(31,j2), then Theorem 5.1 shows that there exists a hyper-maximal semi-
definite subspaces £ and 9 satisfying kerU C £ C domU and mulU C
M C ranU which are neutral, nonnegative or nonpositive, respectively; cf.
[4, Theorem 4.4].

If ny (ker U) = n_(ker U), then it is not clear whether there exist hyper-
maximal neutral subspaces contained in the domain and range of U. Though
there always exist hyper-maximal semi-definite subspaces contained in its
domain and range. In fact, as the next statement shows, these subspaces can
be chosen to have more properties, which in what follows will be of great
importance.

(5.3)

Proposition 5.4. Let U be a unitary relation from {81,[-,]1} to {82, [, ]2}
and let j; be a fundamental symmetry for {R;, [, -i}, for i = 1,2. Then
there exists hyper-mazimal semi-definite subspaces £ and M of {&1, [, |1}
and {Ra, [, ]2}, respectively, such that

domU = £ gy (£nj12) @1 14 Ndom U);

ran U = M2 @y (DN j0) @ (1oMH2 N ran U),
where

UeHthy =jmite nran U 4+ mul U;
U(LNjL) =MNijM+ mulU;
UM ndomU) = mMH2 4 mul U

Here £ and M are hyper-mazimal neutral, nonnegative or nonpositive sub-
spaces of {&1, [, -1} and {Ra, [, ]2} if di(1,32) = dp(in.i2), dif(1.i2) >
dy (G1,d2) or di(51,32) < dy;(i1,i2), respectively.
Proof. Using the notation of Theorem 5.1, it clearly suffices to prove the
statement only for U,. In that case the statement holds by taking £ to be

£4 in which case 91 = £,.. The decompositions are a direct consequence of
Proposition 2.8 (iv). O

Remark 5.5. In particular, if dj;(j1,j2) # d;;(j1,i2), then note that the unitary
relation U defined via gr(U) = gr(U) N (&, N (LN L)) x (B n (M N
jo0M)H12)) | see Corollary 3.13, satisfies dg(jl,jg) = dg(jl,jg).
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The hyper-maximal semi-definite subspace £ in Proposition 5.4 is shown
to exists as an extension of the subspace £; as in Theorem 5.1. Not all
hyper-maximal semi-definite subspaces contained in the domain of a unitary
relation can be obtained in this manner. Namely, consider Example 1.1 with
K an unbounded operator and )y = £, then $ x {0} is a hyper-maximal
neutral subspace which is mapped by U onto the hyper-maximal neutral
subspace $) x {0}. Since the unitary relation does not have a closed domain,
it follows from Proposition 5.3 that £ x {0} is not an extension of any £4 as
in Theorem 5.1.

By means of Proposition 5.4 the following characterizations for isometric
relations to be unitary is obtained. Note that it in particular shows that if an
isometric relation has a decomposition as in Theorem 5.1, then it is a unitary
relation.

Theorem 5.6. Let U be an isometric relation from {81, [-,"]1} to {8, [, ]2}
and let j; be a fundamental symmetry of {R;, [, |:}, for i = 1,2. Then U is
unitary if and only if there exists a decomposition Etl s @j’ ©;D; of Ry, for
1 =1,2, such that
(i) @ is a closed uniformly positive subspaces of {&;,[,;} for i = 1,2,
Df CdomU, D CranU and U(DT) = DF + mulU;
(i) ®; is a closed uniformly negative subspaces of {8, [-,:} for i =1,2,
D7 CdomU, ©; CranU and U(D]) = D5 + mulU;
(iii) there exists hyper-mazimal neutral subspaces £, and £5 of {&1,[-, 11}
and {8y, [, ]2}, respectively, such that
(a) £ =U 1282 NranU) and £2 = U(j1 £, Ndom U);
(b) kerU + clos (j1£1 NdomU) and mulU + clos (j2£€2 NranlU) are
hyper-mazimal neutral subspaces of {8y, [, -1} and {Ra, [, ]2}, re-
spectively.

Proof. The necessity of the conditions is clear by Theorem 5.1. In particular,
one can take £1 = L4+ kerU, £5 = £, + mul U, @T =domU, and ®] =
domU_.

To prove the converse observe first that {{f,f'} € U : f € Df +
Dy, f' € DF + D5} is a standard unitary operator from the Krein space
{D7 +D7,[,]1} to the Krein space {D3 + D, , [, ]2} Hence, Lemma 3.12
(see also Corollary 3.13) shows that to prove the statement, it suffices to show
that U defined via gr(U) = gr(U) N (& X Ky) is a unitary relation.

Therefore note first that by (iii)(a)

dom U = L14+1L1N dom U = ﬁfl(jgﬁg N ranﬁ) +j1£1 Ndom U. (5.4)

Now let f € £ and f’ € £ be such that [f, g]; = [f,¢']. for all {g,¢'} € U.
Then, with Pg, the j;-orthogonal projection onto £; in &;, there exist by
(iii)(a) {h, h'}, {k,k'} € U such that Pg, h = Pg, f, Pe,h’ =0, Pe, k = 0 and
Pe, k' = Pe, f'. Hence,

{7y ={n Y+ (kK +{f —h—k, [ = =K'},
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where Pg, (f —h — k) =0 and Pe,(f' —h' — k') = 0. Clearly,

[f—h—kgh =~ —K.g)2 ¥g,g}eU.

Since the lefthand side is zero for all g € j;.£1 Ndom U and the righthand side
is zero for all ¢’ € j2.£9 ﬂ ranU, (5.4) implies that f —h —k € (dom U)h
and, consequently, f' —h' — k" € (ran U)z2, Since (dom U)H = ker U and
(ran U)H)2 = mul U by Lemma 3.24 (using the assumption (iii) (b)), it follows
that {f, f'} € U. Consequently, Proposition 3.2 implies that U is unitary. O

Proposition 5.4 gives also naturally rise to a block representation for
unitary relations which is different from the quasi-block representation in
Theorem 4.12; there the ”coordinates” are uniformly definite and here they
are neutral.

Theorem 5.7. Let U be a unitary relation from {R1,[-,-]1} to {Ra, [, |2} with
kerU = {0} = mulU. Then there exists a hyper-mazimal semi-definite sub-
space M of {Ra, [, ]2}, a fundamental symmetry jo2 of {Ra, [, ]2}, a densely
defined closed operator B in {92 [io-, o} with ran B = M2 | g standard
unitary operator Uy, in {9 N9, [, ]2} and a standard unitary operator Uy
from {Rq, [, ]2} onto {Ra, [, ]2} such that with respect to the decomposition
M2 @y jomitle @, (M NJ29M) of Ry, see Proposition 2.8 (iv), one has

B 0 0
UU'=10 2B %2 0
0 0 Uy

Conversely, for B, jo and Uy, as above, the Tighthand side of the above equa-
tion represents a unitary relation in {Re, [, |2} such that kerU = {0} =
mul U.

Proof. The converse part can be proven by a straightforward calculation and
Theorem 5.6. Therefore only the existence of the block representation will
be shown. Hence, let j; and jo be fundamental symmetries for {f1, [, |1}
and {82, [, ]2}, and let £ and 9 be hyper-maximal semi-definite subspaces
associated to the unitary relations (for the indicated fundamental symme-
tries) as in Proposition 5.4. In particular, £ C domU, 9 C ranU and
U(L£Nj1L) =MNjM.

Let Uy and U; be Hilbert space unitary operators from {€H [j;--];}
onto {jgm[L]g, DQ', ]2} and from {,Q N j1£, Dl', ]1} onto {f)ﬁ N jgm, [jz', ']1},
respectively. Then U; defined as

Ui(fo+ f1+ f2) = Uo(fo) + U1(f1) +i2U0(j1.f2)

for fo € £, fi € £nj1L and f, € j; £ is a standard unitary operator
from {81, [, 1} to {R2, [, -]2}. Note that, since UU,; * is isometric and maps
M N jo M onto M N jIN, the restriction of UU{1 to M N j2IM, denote it by
Uy, is an standard unitary operator in 991 N j29%. Furthermore, recall that by
Proposition 5.4 U(£H1) = oMM Aran U and U (5, £ ndom U) = Mz,
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This yields the existence of operators A and C' such that with respect to the
decomposition M2 @y joME2 @y (M N jMM) of Ky

A 0 0
UU/ =10 i:Cja 0 |,
0 0 Up
where ran A = M2 = dom C. Moreover, A and C are closed, because

UU; ! is unitary (see Lemma 3.9) and, hence, closed. Moreover, since UU, !
is isometric, it follows that

[f,i29]2 = [Af,32Cgla, Vf € dom A, Vg € M,

This equation shows that A=' C C*, where the adjoint of C' is taken in
{2 [iy-, ]o}. Since ran A = M2 = dom C*, mul A™! = ker A = {0}
(because ker U = {0}) and ker C~* = (dom C)*2 = {0}, (3.5) implies that
A~ =~ O

Note that 9t in Theorem 5.7 can be chosen to be neutral, nonnega-
tive or nonpositive, if and only if there exists a fundamental symmetry j; of
{8, [ -h} and j2 of {9, [, ]2} such that df(1,j2) = dg(1,)2), d¥(1,)2) >
d_(jlva) or d+(j17j2) <d” (j11j2)7 resp8CtiveIY'

The assumption ker U = {0} = mulU in Theorem 5.7 can be dropped
by allowing B and its adjoint B* to have nontrivial kernels. Note also that the
above theorem gives a one-to-one correspondence between unitary relations
and bounded everywhere defined operators (with kernels). That connection
can also be understood from Theorem 4.14 and Remark 5.12 below.

5.3. Essentially unitary relations

Here Proposition 5.4 is further analyzed in order to obtain conditions for
the closure of an isometric relation to be unitary. Therefore recall that for

a hyper-maximal semi-definite subspace £ in the Krein space {&, [-,:]} with
associated fundamental symmetry j, the space K can be decomposed as
A=eH g (enig) @jett, (5.5)

see Proposition 2.8 (iv). In this connection Pg(r) and Pjg1) denote the j-
orthogonal projections in £ onto £ and j€MH]| respectively.

Now observe the following consequence of Proposition 5.4.

Proposition 5.8. Let U be a unitary relation from {81, [, ]1} to {Ra, [, ]2}
and let & [+]8; be a canonical decomposition of {fi,[-,"];} with associated
fundamental symmetry j; and associated projections Pf and P, fori=1,2.
Then there exists a subspace M of {Ra, [, ]2} such that

(i) M CranU is a hyper-mazimal semi-definite subspace of {Ra, [, ]2};

(i) UTYOMN§oM) Cker U + K or UTL(M N j2IM) C ker U + 87 ;

(iii) M= U ([jaMNranU) N (ker U + dom U N &} + dom U N Ky) is such

that
PrUYON) = P ker U +domU N /T = PN,

PrU M) = P kerU +domU N K] = Py N.
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Proof. Clearly, 9t as in Proposition 5.4 satisfies condition (i) and (ii), and,
moreover, U 1 (j29Nran U) coincides with £ in Proposition 5.4. If d}f; (j1,j2) =
di;(j1,32), then 90 and N are neutral, ker U C N, U~ (M) and

N+ U M) =kerU +domU N & +dom U N K,

because U~ (joMNranU) + U~ H(M) = dom U. The above equality together
with the neutrality of 90t and 9% shows that (iii) holds. If dj; (i1, i2) # dy; (i1,32),
then the situation can be reduced to the above case, because in that case
9 and U~1(9) both contain the same (closed) uniformly definite subspace
£Nj1£, see Remark 5.5. O

In Proposition 5.8 9, U~ (j2M NranU), £ and U~1(9M) are all either
neutral, nonnegative or nonpositive; they reflect the defect numbers of ker U.
Furthermore, as a consequence of (i) and (iii) 9t satisfies

M+ U(domU NKT) = U(domU N &) + U(dom U N Ky );
M+ U(domU N KRy) = U(domU NKY) + U(dom U N K ).

This observation can be generalized to the following geometrical result.

(5.6)

Proposition 5.9. For every mazximal nonnegative or nonpositive subspace M
of {&,[,-]} there exists a hyper-mazimal semi-definite subspace £ of {R, [-,-]}
such that

L4+ M=o+ m =g o],

Proof. W.l.o.g. assume that 91 is nonnegative and let & [+]&~ be a canonical
decomposition of {&,[-,-]}. Then by Theorem 4.14 there exists a unitary
relation U in {8, [, ]} such that U(dom U NK"T) =M and U(domU NK~) =
M. Consequently, the statement follows from the discussion preceding this
statement. ]

The following statement shows that Proposition 5.8 (ii) and (iii) implies
that U= 1(jo9M NranU) is hyper-maximal semi-definite.

Proposition 5.10. Let U be unitary relation from {&i,[,-]1} to {Ra, [, ]2}
and let & [+]8; be a canonical decomposition of {&;,[-,-]i} with associated
fundamental symmetry j; and associated projections Pf and P, fori=1,2.
Moreover, let 9 be a hyper-mazimal semi-definite subspace of {Ra, [+, ]2} such
that

(i) M CU(domU NKY) + U(domU N KR );

(i) UM N§2M) Cker U + K or UL Nj2IMN) C ker U + K7 .
Then £ := U~ 1(j29M NranU) is a hyper-mazimal semi-definite subspace of
{R1,[,:]1} if and only if

PlkerU+domUNKT C P ¢ and P kerU+domUNK, C P, £. (5.7)

Proof. Necessity of the condition (5.7) is obvious by Corollary 2.9 and (4.2) so
only sufficiency of the condition needs to be proven. Therefore first observe
that 91 = M2 4 (9 N §u9M), where M2 is a hyper-maximal neutral
subspace of { RN (MNjoM) 2 [, ]o}. By assumption (i) 9NjoM is mapped
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onto the sum of ker U and a closed uniformly definite subspace of {&1, [, |1}
contained in either & or &7 . This shows that w.l.o.g. one can assume that
9N is a hyper-maximal neutral subspace and, hence, one needs only to prove
that £ is a hyper-maximal neutral subspace if and only if (5.7) holds.

If 9t C ran U is hyper-maximal neutral, then ran U = 9 + .9 Nran U
and, hence, dom U = £ + U~}(9M). Furthermore, by the assumption (i) and
(5.7)

PEUY (M) C Pifker U +dom U N R C PEL.
The preceding inclusions together with Proposition 4.1 yield that
&f = PEdomU = PE(£+ U L(M)) C PEL.
This completes the proof, see Proposition 2.5. ([l
Continuing the investigation of the statements occurring in Proposi-
tion 5.8, observe next that (ii) and (iii) imply that

Poptr1, U(dom U N ﬁf) = Popin U(dom U N K );

Pj2m[J_]2 U(domU N ﬁi’_) = PjQEm[J-b U(domU N &),

(5.8)

where Pyyi1), and P gni11, are the jo-orthogonal projections onto itz and
itz in R, respectively. To see that equalities in (5.8) hold, let f;” € domUnN
A, then by Proposition 5.8 (iii) there exists {f, f'} € U such that f’ €
oM NranU, f € domU N/ +domU N K and P;Ff = f;. Since, clearly,
Popiriz f/ = 0, this shows that

Ponlilz U(domU N ﬁf) C Ponlils U(domU N ﬁl_)

The other inclusions in (5.8) can be seen to hold using similar arguments.
The equalities in (5.6) and (5.8) together with Proposition 5.8 (ii) imply
that
PonU(dom U N &) = M2 1 PF (010 joom);

) (5.9)
PonU(dom U N /7)) = M2 + Py (9 njom).

The preceding observations yield half of the following geometrical statement,
cf. Proposition 2.4.

Proposition 5.11. Let M and M_ be a nonnegative and nonpositive subspace
of {8, [,"|}, respectively, such that My C m and m_ C SJTE_H and let j
be a fundamental symmetry of {R,[-,:]}. Then M4 and M_ are a mazimal

nonnegative and a mazimal nonpositive subspace of {R, [-,-]}, respectively, if
and only if there exists a hyper-mazimal semi-definite subspace £ of {R, [, "]}
such that

Pedy =& and Pe_ =2 or Pety =2 and Pem_ =g,

if £ is nonnegative or nonpositive, respectively.
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Proof. The necessity is clear by the discussion preceding the statement com-
bined with Theorem 4.14. To prove the converse assume w.l.o.g. that £ is
nonnegative. If M, is not maximal nonnegative, then M can be nonnega-
tively extended by an element h € K. In fact, by the assumption P9, = £
and (5.5), one can assume that h € £+ = jgltl In particular, there exists
f € £ such that h = jf. On the other hand, by the assumption PeOt, = £
there also exists g € £+ such that f +jg € M. Hence, for all a € R

0 <[(f+ig)+aif, (f +ig) +aif] = 2alif, f1 + [ig, 1 + [f,ig].

Since a is arbitrary, this implies that f = 0, i.e., 9 is maximal nonnegative.
The maximal nonpositivity of 9T_ can be proven using similar argument. [

Note that there exists a subspace £ having the properties as in Proposi-
tion 5.9 which simultaneously has the properties of the subspace £ in Propo-
sition 5.11.

Remark 5.12. If £ in Proposition 5.11 is neutral, then the statement says that
a nonnegative (nonpositive) subspace of {8, [-,-]} is maximal nonnegative
(nonpositive) if it is the graph of an everywhere defined bounded operator
with respect to the neutral coordinates £ and j£.

The following statement shows that the equalities in (5.8) imply that
the closure of a certain associated subspace is hyper-maximal semi-definite.
For simplicity, the subspace 9t (in (5.8)) will here be assumed to be hyper-
maximal neutral. Note that following statement generalizes a part of [6,
Corollary 4.12].

Proposition 5.13. Let U be a unitary relation from {R1,[-,-]1} to {Ra, [, ]2},
let R [+]R] be a canonical decomposition of {&1,[-,-]1} and let iz be a funda-
mental symmetry of {Ra, [, ]a}. Moreover, let M be a hyper-maximal neutral
subspace of {82, [, ]2} such that

PoU(dom U N &) = PonU(dom U N R&)

Then the closure of M := U (jaM NranU) is a hyper-mazimal neutral sub-
space of {R1,[,]1} and M satisfies

PlkerU +domU NKT C PN and Py kerU +domU N Ky C PN
Proof. For every f+ € domU N K] and for every f~ € domU N K], there
exists by the assumption ¢~ € domU N K&, and gt € domU N ﬁf such that

U(ft +9),U(f" +g") € j29M. These arguments show that the asserted
inclusions hold. Consequently, (4.2) implies that

AE = Pl'ker U + clos (dom U N &) = clos (PEN).
This shows that clos (91) is hyper-maximal neutral, see Proposition 2.5. O

Next necessary and sufficiency conditions are given for the closure of
isometric relations to be unitary; they are based on Theorem 4.9 and Propo-
sition 5.11.
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Theorem 5.14. Let U be an isometric relation from {81, [, ]1} to {82, [, |2},

let & [+]8] be a canonical decomposition of {81, [,-]1} with associated pro-

jection P;" and Py, and let jo be a fundamental symmetry of {Ra, [, ]2}
Then U is unitary if and only if

(i) U is closed;
(ii) ker U = (dom U)H1;
(iii) there exists a hyper-mazimal semi-definite subspace M of {Ra, [, ]2}
such that
(a) M C U(domU N KY) + U(dom U N Ky );
(b) MNjeIM C U(domU NK]) or MNjeIN C U(domU N Ky );
(c) M= U (oM NranU) N (domU N & + dom U N K] satisfies
Pt =domU N K and Py N =domU N &7 .

Proof. The necessity of the conditions (i) and (ii) is clear and the neces-
sity of the condition (iii) follows from Proposition 5.8, see also (5.6). To
prove the converse note first that the assumptions imply that (5.9) holds.
Therefore Proposition 5.11 (see also the discussion preceding it) implies that
U(dom UNKT) and U(dom UNK ) are maximal nonnegative and nonpositive
subspace and, hence, U(domU N &) = U(dom U N K7 ), see (the proof of)
Proposition 4.4. Consequently, Theorem 4.9 implies that U is unitary. U

Remark 5.15. The previous theorem was proven by showing that (ii) and
(iii) imply that PoypU(dom &) = M and PoypU(dom K;) = M2 if 90 is
nonnegative and PopU(dom &) = MMz and Py, U(dom &) = 9 if
M is nonpositive. Hence Theorem 5.14 is partially a reformulation of [7,
Proposition 3.15].

Since the subspace 9t in Theorem 5.14 can be taken to be such that it
satisfies the conclusions of Proposition 5.8, condition (iii) in Theorem 5.14
can be replaced by the condition (iii’) below which describes the behavior of
unitary relations in a different manner. Here (iii’) is formulated only for the
case that 91 in Theorem 5.14 is hyper-maximal neutral.

(iii’) there exist mappings V and W from dom U ﬁﬁf onto dom U N K] such
that £ and 9 defined as
C={f+Vf:fedomUNK} and N={f+Wf:fecdomUnAK}
are neutral subspaces of {81, [-,-]1}, U(£) is a hyper-maximal neutral
subspace of {8s, [, ]2} and U(M) is jo-orthogonal to U(L).
In particular, W can be taken to be —V.

5.4. A further representation for unitary relations

As a consequence of the existence of a hyper-maximal semi-definite subspace
in the domain of a unitary relation, the domain has the following ” quasi-von
Neumann” decomposition.
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Proposition 5.16. Let U be a unitary relation from {81, [-,-]1} to {Ra, [, ]2}
and let 8 [+]R] be a canonical decomposition of {&1,[,-]1} with associ-

ated fundamental symmetry j1. Then there exists a neutral subspace I of
{&1,[","]1} such that

dom U = dom U+j;MN
and
dom U = ker U[®1] ((dom U N & [®1]dom U N &7 )+0) .

Proof. Let jy be a fixed fundamental decomposition of { &3, [, ]2} and denote
by L2 the (j1 X j2)-orthogonal complement in &1 x R2. Then define M by

M = j1 P, ((domU x ranU) N (gr(U))**2),

where Pg, is the projection onto K x 0 in the indicated Cartesian product
space. Since domU x tanU and gr(U) are closed in the product space it
follows that dom U = dom U-+j; 9. Next let £ be as in Proposition 5.4, i.e.

domU = ker U @; (€41 0 ker U) @1 (£n71L) @1 (12 Nndom U).

Then M := MN (£ &) ker U) is neutral, ;NN dom U = {0} and (j; £+ N
dom U)+j19 = j1 (£ O ker U). From these properties the statement follows.
[l

Note that the domain decomposition presented in Proposition 5.16 also
holds for isometric relations V from {8, [-,-]1} to {Rs, [, ]2} which satisfy

(i) V is closed;
(ii) ker V = (dom V)M,
(iii) there exists a subspace £, kerU C £ C dom U such that £ is a hyper-
maximal neutral, nonnegative or nonpositive subspace if k;” = ki, kI >
ki or ki < ki, respectively.

A subspace 9 satisfying the conclusions of Proposition 5.16 is minimal,
i.e., there does not exist a subspace of I satisfying the same conclusions.
Moreover, the above proof shows that there exists a subspace 1 satisfying
the conclusions of Proposition 5.16 which possesses a hyper-maximal semi-
definite extension contained in the domain of U. The decomposition in Propo-
sition 5.16 also provides an alternative proof for some of the equivalences in
Proposition 4.7, because Proposition 5.16 shows that dom U has the ”von
Neumann” decomposition

dom U = ker U[®1](dom U N K )[®1](dom U N &),

i.e. 91 = {0}, if and only if dom U is closed.

The above properties (i)-(iii) are not sufficient for an isometric relation
to be unitary as the following example shows. In particular, there exist iso-
metric relations whose domains and ranges do not differ from the domains
and range of unitary relations; they can only be distinguished by considering
their graphs.
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Example 5.17. Let {$), (-, -)} be a Hilbert space and define the indefinite inner
product [, -] on 2 by

{f1, fo}i {91, 92} = =i ((fa, 91) — (f1,92)),  f1, f2,91,92 € 9.

Moreover, let S be a closed symmetric operator in {9, (+,-)} with dense do-
main. Then

V({f1, f2}) = {f1 + Sf2, f2}, f1 €9, f2 € domS}.

is an isometric operator from {$72,[-,-]} to {82, [,,-]}. Clearly domV = § x
dom S = ranV, so that the domain and range are dense in {$2 [-,-]}. A
direct calculation shows that V' is unitary if and only if S is selfadjoint.
In particular, if S does not have equal defect numbers, then V' can not be
extended to a unitary relation. However, independent of the nature of S, V
maps the hyper-maximal neutral subspace £ x {0} onto the hyper-maximal
neutral subspace $ x {0}.

Hence the domain decomposition given in Proposition 5.16 is not spe-
cific enough to characterize unitary relations. However, combining Proposi-
tion 5.16 with Proposition 5.4, a characterizing graph decomposition can be
obtained.

Theorem 5.18. Let U be a unitary relation from {8, [, |1} to {Ra, [, ]2} with
associated fundamental symmetries j1 and jo, respectively. Then there exist
a closed uniformly positive and negative subspace ®; and D; of {8, [,]:}
and neutral subspaces N; and O; of { Ry, [-,]:}, for i = 1,2 such that

domU = kerU &, Q—f D1 @1_ D1 (Dl+j191+m1);
ranU = mulU @ @; Do @2_ Do (Dg—i—jggg-i-mg),

where

(i) UDT +D7) =25 +D, +mulU;

(ii) clos (D) = N1 +91 = clos (D7) and Na+O2 = clos (Da);

(111) U(‘ﬁ1+531) = ngg +mulU and U(]lgl) = ‘ﬁﬁ—Dg +mulU.
Conversely, if U is an isometric relation which has a decomposition as above
and additionally ker U = (domU)H and mulU = (ranU)H2, then U is
unitary.

Proof. Since the converse statement is clear by Theorem 5.6, only the exis-
tence of the decomposition needs to be proven. For convenience of the reader
the proof is split into three steps; in the first two steps it will be shown that
dom U and ran U have the indicated decompositions such that (ii) is satisfied
and in the third step it will be shown how the decompositions for the domain
and range can be chosen such that they satisfy (i) and (iii).

Step 1: Let &F[+]R; be the canonical decomposition for {8, [, ];} as-
sociated with the fundamental symmetry j; and let P;" and P~ be the asso-
ciated projections, ¢ = 1,2. Then by Proposition 5.16 there exists a neutral
subspace 91y of {&1, [, ]1} such that

domU = (domU N & @1 dom U N £ )+ (5.10)
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and, moreover, 91; has a hyper-maximal semi-definite extension £, £ C
dom U, see the discussion following Proposition 5.16. The decomposition
(5.10) and the existence of the hyper-maximal semi-definite extension im-
ply that ®7 := (dom U N &) N (M) and D7 := (dom U N KT ) N (Ny)
are closed uniformly definite subspaces. Hence (5.10) can be rewritten as

domU =Df ®1 D] @ (domU N (& ©D7) @1 domU N (K] ©D7)+M1) .

Step 2: Define El =kerU +j1kerU + D] + D7, ﬁl =R ﬂk[ll'h, ﬁg =
U®F +97) +jpmulU and Ry = K N /52, Then {&y, [ 11}, {81, [},
{Ra,[",-]2} and { Ry, [, ]2} are Krein spaces. Now, define U and U via

er(0) = gr(U) N (Rr x R) and  gr(0) = gr(U) N (Ry x Ra).

Then since U and U are unitary, and gr(U) = gr(U) + gr(U) Lemma 3.12
implies that Uis a unitary operator without kernel. The domain of U has
the decomposition

dom U = dom U N & [&;]dom U N &7+, .

In particular, clos (9%) is hyper-maximal neutral in {5%1, [,-]1} and, hence,
O = )1(]1(:105 (91) N dom U) is such that clos (91;) = 91 +9; and O; +
j191 = dom Un £ [®1]dom Un &7 . Therefore

dom U = 531+j191+m1.

Moreover, from clos (dom U N &) = dom U N &, see Proposition 4.1, it fol-
lows that clos (O1) is also hyper-maximal neutral subspace of {&1, [, |1} and
coincides with clos (911), because clos9t; = D1 + N;. Consequently, dom U
and, hence, also ran U have the indicated decompositions such that (ii) holds.

Step 3: By Proposmon 5.4 (and Remark 5.5) there ex1sts a hyper—
maximal neutral subspace £ C dom U of {&1,[,"]1} such that m = U(Jl£ N
dom U) is a hyper-maximal neutral subspace of {R,[,-]2} and U(£) =
JQDJT NranU. Note that by Proposmon 5.4 there exists also hyper-maximal
semi-definite subspace £ and 93? for U having the same properties. Conse-

quently, £ := €+ € and M =M + M satisfy the criteria in Proposition 5.4
for U.

By means of this observation it is evident, using steps 1 and 2, the
following domain and range decomposition of U can be obtained:

domﬁ = m14-91+j1531 and ranﬁ = @; D2 @2_ Do (mQ‘i'DQ‘i‘jQDQ),

where (because 9 is hyper-maximal neutral in {Rs, [-,]2}) there exists a
neutral subspace 94 of {fs, [, ]2} such that @3‘ P2 D, =9 +j209 and

22‘)11—5—531 and jlﬁﬂdomfj:jlgl;
M = Oy Do (mg—i-gg) and  pIMNranU = joOo B9 joOs.

This completes the proof. ([
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