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Abstract - The problem of both providing optimal maintenance for

a machine during its sarvice life and simultaneousty selecting an
optimal sale date for the machine 3s considered from a control-
theoretic viewpoint. Both the deterioration and the 1ife time of
the machine are considered as random orocesses. The salvage vailue
and the deterioration rate of the machine are treated as state
variables and the maintenance expenditure as a control variable.
The stochastic maximum principle is applied to derive the condi-
tions for the optimal maintenance pdlicy and for the optimal plan-
ned sale date which maximize the expected net present vaiue of the
machine, the performance index of the problem. An explicit so01-
ution is found analytically for the problem in the special case
when some of the random processes of the model are independent of
time and thus simply random variables, The case of one particular
tife-time probability distribution, namely the exponentizl case,
is analyzed in full detail. The parameter of the distribution,
i.e. the failure rate of ths machine, is shown to have an inter-
esting and important economic interpretation. The fajlure rate
represents a risk premium which can be used to adjust both the
mean production rate and the discount rate to the level of a capr-
tainty ~ equivalent problem.

1 introduction

When a machine is used for production purposes anmd it ages, it suf-
fers one of the two fates - gither there is a gradual deterioration
or a sudden failure. The first situation means more frequent re-
pairs, & decrease in performance of the machine etc., the machine
produces decreasing net receipts over time. This deterioration
can be partially offset via preventive maintenance, and there aiso
x15ts, of course, the pessibility of telling the machine at any
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2
time, although its salvage value declines over time, The sacond
situation makes the machine unusable for production and it has to
be junked and replaced by a new machine, The problem of how the
maintenance policy and sale date for the machine should be simul-
taneously optimized (the "Boiteaux problem"} is the subject of the
presant paper,

Since Naslund [7] had initiatad the control theory approach to
simultanecus maintenance and sale date optimization, Thompson [10]
first formulated for the problem an explicit model and solved it
in detail. Thompson's model is completely deterministic, the ma-
chine cannot fail and ite deterioration with age cbeys a given
mathematical law. Other formulations for the deterministic prob-
tem have been later presented e.g. by Arora and Lele [3], Bensoussan
et al. [5] and Scott and Jefferson [91. Kamien and Schwartz [&]
davaloped a stochastic model where the failure part of the problem
was inciuded but the degradation of the machine with age was not
considered. Due to Alam and Sarma [2] is a model where both the
deterioration and the failing of the machine have been incorporated
in a single model, The deterforation is taken as deterministic,
wheregas the machine ig subject to random failure. However, in
modeT [2] only the maintenance policy is optimized, the seliing

of & still ¢perable machine i$ not considered. This may lead to
an unprofitable use of the machine and to an improper optimum far
the problem. The author of this paper has recently presented a
generalized model [11] where both the maintenance policy and the
sale date of the machine are optimized and thus a better result
for the objective is abtained.

In this paper we consider a mode] where the random nature of hoth
the deterioration of the machine over time and the 1ife time of the
macfiine are taken fnto account. Alam et al. [1] have earlier pre-
sented a mode! where both these aspects have been included, but this
mode? has the same disadvantage as mode] [2i: in lack of tha option
of selling a still operable, but almost worthless and highly unprof-
itable machine, the model may lead to an improper optimum, even to
such a use of the machine that does not pay for itself. We gener-
alize model (7] and make it more realistic by taking also the sale
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date of the machine (called the planned sale date due to the possi-
bility of machine failing bafore that time) as a tool of optimization.
We organize the contents of the paper as focllows.

In section 2 we briefly descrige Thompson's model [10] as well as
the model of Alam et al. [1] te which the proeblem studied here is
most closely related. In section 3 we extend and generalize the
medels [10] and [1] by formulating our own model. In section 4 we

- apply the stochastic maximum principle in order to derive the

necessary conditions for the optimal maintenance policy and for the
cptimal sale date. In section 5 we consider in more detail the
special case when an-analytic solution for the problem is possible,
and derive the solutien. In section 6 we present the solution of
the problem for a particular probability distribution of time to
failure, viz., for the exponential distribution, and comment on

the economic interpretations of the randomness in this cornection.
Finally, in section 7 we illustrate the resutts obtained with the
help of a simple numerical example,

2 The modeis of Thompson and Alam et al.

Thompsan considers the following detarministic problem: find the
eptimal maintenance policy u{t) and the optimal sale date T for a
machine to maximize the present value V(T) of the machine given by

(1) V(T} = S(Texp{-rT} + g[ps(t) - u(t)lexp(-rt)dt

where the salvage vaiue S(t) is affected by the deterioration fac-
tor and the amount and the effectivensss of preventive maintenance
according to the differential equation

{2) d_j_(ll = - 5(‘{:) + f(‘t)u(t)s S(U) =S
t

.
Im (1) and {2) r is the rate of interest (the discount rate), &{t)
is the detericration rate, f(t) is the maintenance effectiveness
function, and p is tha {constant) production rate., The maintenance
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function u{t) (= money spent at time t over and above the minimum
s5pent on necessary repairs) s the control variable satisfying for
all t {0 <t <T) the requirement

and Y{t) and S(t) are the state variables. An application of the

maximum principle gives the foilowing cptimal maintenance pelicy
*
Ut}

Uy iF F(t) > gp(t)
(4) Ut) = (arbitrary €[0,U1, if f(t) = q (t)
0. if f(t) < g-(t),

where we have denotaed
{5) gT(t) = r/{p - {p-rlexp[-r(T-t)]}.
With Thompson's assumptions: §, f and u are piécewise continuous,

§ is noen-decreasing, and f isg non-increasing, the optimal mainten-
ance policy becomes are of the fellawing three types:

19 u™(t) = U for al1 ¢t ero,19
2° uM(t) = 0 for ald t €10,T]
U for t €[0,T')
3° u*(t) = qarbitrary €[0,U] for t = T

0 for t €(T', 1)

In the policy 379, T is the solution of the eguation f{T*) = 9(T").

The optimal sale date T Ts obtained as the solution of the eguation
(6) SIT) = L8(T) - LF(T) = 110 (T) 3/ (p-r).

The simultaneous determination of u*(t) and T may be carried out by
a trial and error procedure Utilizing (2) and {4) to (s).
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Alam et al. [1] take Thompson's modal as the starting point and
begin by modelling the deterioration process as a random process
whereas machine failing is not considered in the first phase. We
call this model Alam I. The deterioration rate is considered as
2 stochastic process, which is assumed tec be governed by the
stochastic differential squation {our notation is slightly dif-

ferent from the original one)

(7y 48l

dt

{(t) - s{tiu(t)

[P

with the stochastic boundary condition

The stochastic processes a{t) and §(t) as well as the random vari-
able §0 dre assumed to be defined on a certain sample space 2, the
probability measura Joining with u being P (generally speaking, we
Use the notation 2 or'g(t) te indicate that the quantity z or z(t)
is a random variable or a stochastic process, respectively). Be-

cause of (1) and (2), also the salvage value 5{t) and the present

vatue V{T) to be maximized will now be stochastic processes on q,

denoted by S5{t) and Y(T), respectively.

The probTem {ATam 1) is now to choose u*(t) and T s0 as to maximize

(9) F(Ty = EQY(T)} = [y(T)dP,
£
where
{10)  V(T) = ${T)exp(-rT) + [Ip(t)3{t) - u(t)lexp(-rt)dt

subject to the state squations

(i1) = o-g(t) + flt)u(t), 0 <t < T; 5{0) = Sy




and to the control constraint
(13) 0 <u(t) <V, 0 <t < T.

Applying the stochastic maximum principle, the solution of the
problem can be derived. An analytic soTution is possible in the
special case when g{t' and p{t] don't depend on time, they are
simply random variables: aft) = ¢ and p(t) = p. The optimal main-

tenance policy becomes

-

- 8t B mexptor(Tot) 1)

~{p-r)(T-tiexp{-r(T-£)}}
U, if flt)» —-

(14) U {t) = = (B-r)exp{-r(T-t}}

E
1
e

0, ctherwise

where () denotes the mean value of the random variahle {here the
mean production rate). The optimal sale date T is found from the
equation

(150 S(T) = (5T - F(T) - (T (er)

where (") denctes the predicted estimate, e.g. the mean value, of
the random variable.

I'n the second phase Alam et al. (1] take alsc the probability of ma-
chine failure into account and derive now the optimal maintenance
policy for a machine‘with randem deterioration and which is subject
to random catastrophic faiijurs (whereas the sale date of the machine
is not considered, the machine i kept as long as #t is operable),
We call this model Alam II. Let t dencte the random life time of
the machine and let pr(tiu(s), 0 <5 < 1), Peltiufs), 0 <5 < ¢t)
and Qp(t;u(s), 0 £ s < t) denote its density function, cumulative
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distribution function and complementary distribution {or reliabil-
ity) function, respectively. Further, let prltsu), Prl{tiu) and
Qq(t;u) compactly represent these quantities. Assuming the de=-
terioration process and fajlure process mutually independent, the
following model. {Alam II) can be stated: choose an ocptimal policy
u*(t) $0 as to satisfy the constraints (11) to {13) and to maxi-
mize the expactation

(16)  Ep{E T¥{T)1} = Epl¥p) = [iger

where
(17} Y = E_L¥(T)] = é{[QT(t;U)g(t) oo (tiu)ls(e)

- QT(t;u)u(t)}exp(-rt)dt

is the expectatien of V(1), V(1) being the quantity (10} with T con-
sidered as the random ;ariabie 1 and the expectation being with re-
spect to 1. The second expectation EP in (16) is with respect to
the prebability measure P,

Again, the solution of the problem can be found via application of
the stochastic maximum principie. Anp anaiytic solution becomes
possible when o{t) and p(t) are simply random variahles: alt) = o
and p{t) = p, and when ?ai]ure probability is indapendent of main-
tenance: pTEt;u) = p_(t) and, hence, Qr(t;u) = QT(t}. In the case
of an exponentially distributed 1ife time. for example, the follow-
ing. optimal policy s obtained:

r+o
U, iF F(t) > — - A%}
P+a r+g

(18)  u're) -
0, otherwise.

In (18}, o is the parameter of the distritution giving the constant
failure rate of the machine.



3 The generalized model

Both the models Alam 1 and Alam [I presented in the previous sec-
tion contain a certain unsatisfactory aspect in their formulation.
The former represents an unrealistic situation in practice by as-
suming the machine as unbreakable, the Tatter may lead to an un-
profitable use of the machine by forcing the owner to use the ma-
chine until it fails, regardless of its ever declining quality and
productivity. In this paper, we provide for the problem a general-
ized formulation in which the above disadvantages are not included.
We seek a planned sale date T and a2 planned maintenance policy u*(t),
0 <t < 7T, for the machine until it is sold or it fails and must be
junked, whichnevar comes first, so as to maximize the expected pre-
sent value of the machine. The machine is assumed to suffer random
deterioration as well as to be subject to random catastrophic fail-

ure.

The stats equations considered are now

" as()
{(19) == = -8(2) + F{)u(t), $(0) = 5
dt -
and
dg(t)
(20} = af{t) - 8(t)u(t), §(0) = &,
dat

where we have used the same notation as in connection with the model
Alam [, cf. equaticns (17) and (12). Let T denote the planned sale
date of the machine, i.e. T is the time at which the machine will be
scld provided it has not failed and been junked befere that time.
Alse the maintenance function u(t) now represents the planmed main-
tenance policy which will be obeyed as long as the machine is work-
ing (for a failed wachine we have, of course, u{t) = 0}). After all,
we can set the usual control constraint

9
As before, let 1 denote the random life time of the machine and
lat pl(t;u}, PT(t;u} and QT(t;u) again compactly denate the den-
sity fupction, the cumulative distribution function and the re-
Tability function of the random variabile r, respectivaly,

The present value of the machine at time t is, orovided the machine

“is still operable, according to (10),

t.
(22) vi{t) = S(t)exp(-rt) + g[e(t)S(t) - u{t) lexp({-rtidt.

Let yO(T) denote the present value which will be really obtained
when the planned sale date of the machine isg T. By assuming the
junk value of the machine equal te its salvage value at the fail-
ure time, we get

{V(T), ifrsT
(23) Y(T)y = ¢
- Vit), if 1 <« T,

Now, taking the expectation of Vo(T) with respect to the random
variable v and assuming mutual independence between the deterijo-
ration and failure processes, we get

(24) V() = E 0V (T))
T [=-]
= JV(t)p (tsu)dt + fy(T)p
0 T

T(t;u)dt

I
[

Y{t)p (tsu)dt + 0 (Tsuy(T).

Substituting (22) in {24) we get first

T
(25} Ve(T) = ép (tiu)S({t)exp({-rtidt + QATsu)S(Thexp(-rT)

T N z
T t
+ é{pT(t;u)é[E(s)g(s) - u(s)Jexp(-rs)dsidt
T
+ QT{T;u)éEQ(t)§(t) -~ u{t)lexp{-rt)dt,



11
which is assumed to be a compact subset of an Euclidean space. The
stochastic processes and the random variabie are random guantities
with respact te the probability measure P on Q {for a detailed and
strict description of the assumptions for the stochastic maximum
principle see [4}, pp. 876-878).

i0
which after integrating by parts in the second integral and after
simplificating (see Appendix) bacomes

(26)  Vp(T) = Q_(T;u)$(T)exp(-rT)

* Jip (£)S(t) - Q (tsuju{t)lexp{-rt)dt,

i - ' To solve the problem, we first form the Hamiltonian, which is now
a random varfable

[ -

‘where we have denotad
{29)

(27 gy (8] = p(R)0,(tsu) + o (t5u). ' = - LIp(¥)0 (tsu) + p_(tiu)IS{t) - Q_(tsu)u(t)exp(-rt)

pe- oo
[}
x
—
[E¥r]
-
10
-

Uy Ay 2 t)

T
Our problem is now to éhoose an optimal maintenance policy u*(t) - 2\1““)["-6-”') +E(Ruit)] - 52(t)[g{t) - B{thu{t) ],

and an optimai sale date T so as to satisfy the state equations " ) o .
(19) and (20) and the control constraint (21) and to maximize the where the adjoint variables ),(t) and 1,(t) also are stochastic
expectation processes on I and satisfy the stochastic differential equations

T e E da(t) oM
(28) Tp(T) = Ep00p(T)) = [Yp(T)ep (30)  —lmt = o - [p(e)0 (tiu) + p_(tsu)lexp(-rt)
: dt 3s - T
where VF(T} is given by (26) and the expectation s taken with re-
spect to the probability measure P cver the samplie space Q. and
We can readily see that our generalized model is of the same form . dﬁz(t) at
as the model Alam I, cf, eguations (9) to (13}, only with the coef- 31 dt =" ;E = A (t)
ficients of 5(t) and u(t}) medified. The generaiized model coincides -
with the mode? ATam I, when we anly set pT(t;u) = 0 (the failure with the boundary: conditions:
part of the model is omitted). We can also see that our generalized
model coincides with the model Alam II, if we in (26) set T = « to (32} A1(T) - . E—[QT(T;U)S(T)exp(-rT)]
give {17} (the sale date optimization is omitted). Our model thus - 35 ¢ -
contains both the modeis Avam I and Alam II as its special cases. = - 0 {Tsu)exp(-rT)
and
4 Solution by stochastic maximum principle
3
{33} A (T) = = 550 (T5u)S(T)exp(-rT)] = 0.

The solution of the probiem formulated above needs an appiication -

of the stoechastic maximum principle. For this we must assuma cer- ) ]
To find the solution for our problem we should proceed as foilows.

tain smoothness and reguliarity conditions: f, B, and u are piecewise . ]
First we consider T as fixed and apply the stochastic maximum

continuous, g(t) and p{t} and, hence; &§{t}, S{t} and yF{t} are
stochastic processes and éo a random variable on a sample space Q
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principle {i.e. minimize Eé{ﬁ} with respect to :, see [4] pp. 879-
880} to obtain the optimal maintenance policy u (t) for 0 < ¢t < 7.
Then we chgose T sc as to maximize gF(T). This is dene by differ-
entiating VF(T) with respect to T and setting it equal to zero.

‘There exist, however, two reasons, why an anralytic solution for
this general case is not possible, and, in order to find out the
solution, we had to use one of the ianterative computational tech-
niguas. First, equations (30) and (31) are general stochastic
diffarential equations, and secondly, the failure probabiiity
pT(t;u) depends on the maintenance performed. Here we present the
solution for the problem in the special case where an analytic sol-
ution is possible to obtain. Therefore, we make the following ad-
ditional assumptions. First we assume that o{t)} and E(t) are inde-
pendent of t, a(t) = « and p(t) = p are simply random variables.
The assumption makes it pos;ibTe t; obtain an explicit solution

for the co-state equations (30) to (33) and, hence, for the state
equations (19) and (20). The solution is achieved by replacing

the required stochastic quantities with their expected values

([81, p. 416). The second assumption is that the failure prob-
ability is independent of maintenance: pT(t;u} = pT(t) and, hence,
G (tsu) = Q {t). With this assumption, an analytic application

af the stochastic maximum principle is possible.

5 Conditions for optimal maintenance policy and sale date

The Hamiltonian for this special optimal control probiem becomes,
c¢f. the general case {29),

(34) Ho= H(S. 8. Uy Ay dps t)
= - (0pA(t) + p (£)IS(E) - O_(t)u(t)exp(-rt]

+ A {E)-8{t) + f{t)u(t)] + dolt)la - 8(thu(t)],

where the adjoint variables Q](t) and gz(t) are now given by
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daq{t)
o (pR {t) + p {t)lexp(-rt)
(35)
AT) = = 0 (Texp(-rT)
and
diy(t)
it = ()
(36)
dp(T) = 0

Applying the stochastic maximum principle, i.e. minimizing EP{H}
with respect :o U, the following condition for the optimal mainten-
ance policy u (t) is obtained

Us 3F EpTB(Q,s 2ys dps t) < O
*

(37) u (t) = {arbitrary € [O,U], if EptG{Q,, Aye o hys B)Y = 0

g, if EP{G(Qr’ Bys 2pe £)) > 0L
In (37) we have denoted
(38) G0, Aps Ay, b = QT(t)exp(—rt) A () (L) - A (t)B(t).

Equation {37) shows that the optimal maintenance policy, under the

assumptions made, is still bang-bang. The possible switching point{s)

T', where the level of maintenance is changed from U to 9 or vice
versa, satisfy the switching equation

(33)  Ep{B{Q_, Ay, 2y T'D)

= 0T hexn(=rTh) + F(TELLA1{T')) - BITEL(3,(T')}

i

QAT Jexp{-rT') + £(THX (TY) - BITNA,(T') = 0
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(X1(t) and Xz(t) denote the expectations of 51(t) and ﬂg(t)’ re-
spectively, the expectations being with respect to the probability
measure P and conditional on t).

Thus far we have considered the planned sale date T.as fixed. We
still have to choose T so as to maximize the expected present value
VF(T) given by equatien (28) (in the expresiion of VF(T) we noy use,
of course, the optimal maintenance policy u as the control vari-
able u, and take the assumptions of this section also into account).
Te maximize VF(T), we differentiate (28) with respect to T and set
the derivative equal to zero. Using similar reasoning as Thompson
({101, p. 548), and assuming mutual independence betweer the random

variables o and p we get first

dv (7 d0 (T ‘ d5(T)
T (41) __fi_l = dgli-l Siflexp(-rT) + QT(T) e @Xp(-rT)
daT dT dT

- rQ (T)5(T)exp(-rT)

- *
ST} - e (Thu (T)lexp(-rT),
which after substitution of equations ({19} and (27) and rearrange-

ment of terms becomes

4V (T)

(42) = QT(T)exp(-rT){(ﬁ-r)E(T) - BT + [F(T) - TH™(T)).

dT
The optimal planned sale date T {is thus reached when

(43)  S(T) = 13(Ty - e 11T (por).

In equations {41) to (43) the symbol (-} again denotes the expected
value of the random variable, the expectation being with respect
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tc the praobability measure P. From {43) we can see that the
oeptimal planned sale date is independent of the life time dig-
tribution.

6 A particular case: exponentially distributed 1ife time

Equations {37) and {43) give the general conditions for the op-
timal maintenance policy and for the optimal sale date. We shall
now demenstrate the explicit calculation of the optimal mainten-
arce policy {37) for a machine with expenentiaily distributed 1ife
time. Therefore, let pT(t) = gexp(~-ot) and, hence, QT{t) =
exp{-ot) (for t > 0). As is well known, the parameter of the
distribution (=a) corrasponds to the (constant) failurs rate of
the machine.

Substituting the above expressions for pT(t) and QT(t) into (35}
and (36) and integrating, we get the expected values of the ad-
Joint variables A (t) and ),(t) as

N
(44)  Ay{t) = - expl-(r+o)t [ (pro) = (p-r)exal-(rea)(T-t)}1/{r+o)
and
(45)  Tp(t) = (Pro)expl-(r+a)t)L1 = expl-{r+c)(T-t)}1/(rsg)?

- U{p=r)/{r+c) Yexpl={r+a) TH(T-1).

Taking the expectation of (38} and substituting (44} and (43) into
it, we get

(46) BIL) = Ep{8(Q 290255t} = 6{0 ,3,7,,1)

exp{—(r+c)t}{(r+c)- f(t)[(5+q) -(5-r)exp{-(r+c)(T-t)}}
- B(t)[(5+d)[1 ~exp{=({r+a) (T-t)}1/ (r+o)
- (5“r)EXP{-(P+G)(T-t)}(T—t)}}/(r+c).

The optimal maintenance policy (37) thus becomes



U, if G(t) <0
(47} U {t} = {arbitrary € [0,U], if G(t) = O
0, if &(t) » 0.

The bang-bang optimal policy (47) has none, one or more switching
points. For a switching point 7' we have B(T') = 0. The. possible
switching points may be computead using {46} or (40) with {44) and
(45).

in section 3 we showed that our generalized model contains the prior
models ATam I and Atam Il as its special cases. As we now in the
exponential case have obtained an explicit soiution for the oroblem,
we can also compare the results. At the same time we may obtain an

interesting economic interpretation for the failure rate parameter g,

Comparing the optimal maintenance policy (47) with the cptimal pol-
icy {14} in the model Alam I, we see that they are of exactly the
same form. If we in (14) instead of the discount rate r use the
‘risk-adjusted' discount rate r+c and instead of the mean production

rate p use the 'risk-adjusted' mean production rate p+o, we get (47).

Or on the contrary, if we in our model ignore the possibility of
random failure and set ¢ = 0, (47) gives {(14). This leads to the
follewing economic interpretation for the parameter g. The failure
rate may be interpreted as a risk premium which is used to adjust
both the discount rate and the mean production rate to the level

of those in a certainty-equivalent probiem. The parameter ¢ i3 a
tool with the help of which the degree of uncertainty caused by the
random T1ife of the machine can be measured and expressed in money
terms.

In the medel Alam II, instead of optimizing aiso the sale date of
the machine, the machine was assumed to be kept until it fails and
becomes junked, or in our terms, the plarned sale date was fixed
to infinity. Setting T = = {ip {4€) we see indeed, that {47) coin-
¢cides with {18), the optimal maintenance policy for the model

Alam Il is obtained as a special case of our optimal policy (47).

7 An example

To compare the three different models (Alam I, Alam II, our gener-
alized model) also numerically, we shall now consider a simple ex-
ample in which the following specific values are assumed for various

quantities:

s, =100 (FIM 1000)

U= (FIM 1000 per year)

50 = 2 (FIM 1000 per year)

P =0.10 (per year)

r = 0.05 (per year)

o = 0.05 . (FIM 1000 per year squara)
¢ = 2.10 {per year)

g{t) = 0.01 {per year; constant)

flty = 2exp (-G.10t)

time t is in years

First we derive the time paths of the state variables § and S as a
solutien for the state equations {19} and (20) (these state aquat-
ions alse hold for the other models Alam I and Alam [T1). The optimal
maintenance policy u” is, a5 it will Tater on turn out, in all the
three cases of the following type:

U, when t € [0,T')
(48) u*(t) = arbitrary € [0,U], when t = T
0, when t € (T',T1].

In (48), the maintenance switch-off time T' and the sale date T
vary, of course, from one model to another (in the model Alam 11
we have the fixed T = =). As was stated before (see p. 12), the
solution of the state equations is achieved by replacing all the
stochastic quantities with their expected values. We get

_ 2+ 0.04t for t e [0,T']
a{t) = ,
2 - 0,017 +0.05¢t For t € {T',T]
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] 120 - 2t - 0.02t% - 20exp(-0.10t) for t & [0,T']
(80} S(t) = (120 - 0.005T'% - 20exp(-0.10T') - (2-0.017')¢

- 0.025t% for t € (T',77.

For a machine with random Tife time {the model Alam IT, the general-
ized model) the time paths (49} and (50} are relevant until the posS-
sible failure only. Now we consider the different models one at a
time.

The model Alam I. From equations (14) and (15), the optimal main-
tenance policy may be computed and is given by

FIM 1000 per year for 0 t .
(51) w4y - { per year $t250
FIM 0 per year for 5.0 < ¢ < 19,9
s¢ that the time of the optimal maintenance switch-aff s T' = 5.0

years and the optimal sale date is T = 19.9 years. The expected
salvage value of the machine is $(T) = FIM 58 900 and the maximum
of the expected presant value of the machine is V(T) = FIM 129 sno.
Ihe expectad net profit from the use of the machine thus becomes
Y(T) - S, = FIM 29 900,

The model Alam II. From equation (18) the following optimal main-
tenance policy is obtained:

FIM 1000 per yzar for
(52) u*(t) i { p ¥ or 0 < t < 10.7
FIM 0 per year for t » 10.7.
The time of the optimal maintenance switch-off i3 now T' = 16,7

years {and the selling of the machine is not considarad, the machine
is used until it fails and becomes junked). We see that the switching
from high maintenance to no maintenance takes place later when ran-
dem catastrophic failure is taken, but the option of selling a still
operabdble machine is not taken into account. We may now be forcad to
keep the machine for a Tong time, so we also upkeep maintenance for

a ?onger period. The maximal expected present vaiue of the machine

is HO? VF = FIM 104 800, s0 that the expected net profit becomes

only Ve - S = FIM 4 800.
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The generalized model. \Using equations (43) and (47) together

with (46) we may compute T' = 10,0 years and T = 21.6 years.

The expected salvage value of the machine (if not failed) is

S{T) = FIM 58500 and the optimal expected present value fis

QF(T} = FIM 1712000, The expected net profit is now VF{T) -5,

= FIM 12000, which is 2.5 times as much as in that case where the
sale date optimization was omitted (Atam II). Thus we see the im-
portance of the sale date optimization also in the case of stoc-
hastic machine life. Comparing the case without failure (ATam I}
to the gemeral case with random failure taken into account we no-
tice that the expected net profit has decreased from FIM 29900 to
FIM 12000, This is, of course, due to the possibility of machine
failing before the optimal sale date has been reached. .

3 Conclusian

We have examined the problem of optimal maintenance and optimal
sale date of a machine when it 15 subject to random deterioration
and random catastreophic failure, generalizing and unifying the
recant prior work on the problem. Especially we have pointed

out the impertance of the sale date optimization alsa in the

case of randowm machine 1ifa. A particular case with an example
has been presented to show the effect of this optimization as
well as the effect of random failure on the results obtained.
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Appendix

We write {25) into the form



(A1)

T 290

Ve(T) = Q (T5u)8{T)exp(-rT) + épT{t;u)§(t)exp(-rt)dt

+qQ (T;U)E[E(t)§(t) - u(t)rexpl-rt)de

+ EDT(t;U){E[E(S)§(s) - uls)lexp{-rs)dsidt

and denote

(A2)

T 4
I = 6PT(t;U){£[g(s)§(s) - ul{s)jexp(-rs)dsidt,

Then we can write

(a3)

where

{A4)

-
i

e g- dQT(t;U){g[E(s)é(s) - u(s)jexpl-rs)ds}
i
- Jdo_(tsulv(t)
il T

t .
vit) = 6[?(5)5(5) - u(s)lexp(-rs)ds.

Integrating I by parts, we get

(A5}

T

T R
1 é - QT(t;u)V(t) + gQT(t;u)dv(t)

H

T
= - QT(T;U)é[E(t)§{t) - u(t)lexn(-rt)dt

Q. (tsudlplt)sit) - ult)lexp(-rt)dt.

+
S

Substituting {A5) inic (A1), we get

(A6)

.
Ve(T) = 0 (Tsuw)g(Tlexp(-rT) + Jp_(t5u)s{t)exp{-rt)dt
O T

.
+ gQT(t;U)[p(t)§(t) - ult)lexp(-rt)dt

Q (T3u)s(T)exp{-rT)

T .
+ Jlip (tsu) + 0 (esu)p(e)I8(e) « Q {tu)ult)yexpl-ri)dy,
0

which coincides with the desired result (26).

21

References

(11

(2]

[31]

,h
£
—

{5]

[6]

(71

(81
(9]

(101

1]

Alam, M., Lynn, J.W. and Sarma, V.V.5., "Optiimal maintenance
policy for equipment subject to random detericoration and ran-
dom failure. A modern control theory approach™, Int. J. Sys-
tems Sci., 1976, VYol. 7, Mao. 9, 1071 - 1080

Alam, M. and Sarma, V.Y.S., "Optimum maintenance policy for
an eguipment subject ¢ deterioration and randem failure”,
IEEE Trans. Syst. Man Cybernet., 1974, Vol. SMC-4, Nc. 2,
172 - 175 :

Arcra, S.R. and tele, P.T., "A note on optimal maintenance
policy and sale date of & machine", Mgmt Sci., 1970, Vel. 17,
No. 3, 170 - 173

Baum, R.F., “COptimal control systems with stochastic boundary
conditions and state equations", Ops Res., 1972, Vol, 20, 875-
887

Bensoussan, A., Hurst, E.G.Jdr. and Naslund, B., Management
applications of modern control theory, Amsterdam 1974

Kamien, M.I. and Schwartz, N.L., "Cptimal maintenance and sale
age for a machine subject to failure®, Mgmt Sci., 1971, Vol.
178, No. 8, 495 - 504

Ndslund, B., "Simultaneous determination of optimal repair
policy and service 1ife", Swedish J. Econ.,, 1966, Vol. 68,
No, 2, 63 - 73

Saaty, T.L., Modern nonlinear equations, MNew York 1967

Scott, C.H. and Jeffersoen, T.R., "A bilinear control model
for optimal maintenmance”, Int. J. Control, 1879, Vol. 30,
No, 2, 323 - 330

Thompson, G.L., "optimal maintenance policy and sale date of
a machine", Mgmt Sci., 1%68, VYol. 14, No. 9, 543 - 550

Virtanen, I., "Optimal maintenance poiicy and planned sale
date for a machine subject to deterioration and random fail-
ure", Proceedings of MASC'B0 (Management Science in Finland
1980), Turku 1980 (to appear)



